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1. Introduction
1.1. Motivation

Our goal in this paper is to “quantize” the Hamming distance on the permutation group S, to obtain a “quantum metric”
on C(S;). This is motivated on the one hand by non-commutative geometry and Marc A. Rieffel’s notion of quantum
metric spaces [1,2], which was adapted to the setting of tracial states by Jacelon [3,4], and on the other hand by recent
developments in non-commutative optimal transport theory for quantum states, e.g. [5-7].

The program of non-commutative geometry initiated by Alain Connes adapts classical tools from topology and Rie-
mannian geometry to the operator algebraic setting. For example, Connes showed in [8,9] that the geodesic distance dg
on a compact Riemannian spin manifold M can be recovered from the C*-algebra C(M), the Hilbert space H of L*-
spinor fields, and the Dirac operator.! He further noted that many of the arguments did not require commutativity of
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the underlying C*-algebra and hence should generalize to non-commutative operator algebras. Rieffel developed a corre-
sponding notion of metric spaces in the non-commutative setting [1,2,10]. The idea is to capture the underlying metric
in a dual way through the associated L!-Wasserstein distance on states. Given a Dirac operator D one can define a
Lipschitz norm on the C*-algebra A by |la|li, = ll[a, D]|l, and then the “L1-Wasserstein distance” on states is given by
Wi(p, ¢) =sup{lg(@) — ¥ (@) : lallyp < 1}. Rieffel investigated when this metric recovers the weak-* topology on the state
space [1]. In some cases, this metric also gives rise to a metric on the density space of a unital C*-algebra whose induced
topology coincides with that of the Bures metric from quantum information theory [11].

For a discrete abelian group G, the dual group G is compact and the (full or reduced) group C*-algebra C*(G) is iso-
morphic to the continuous functions C (5). Thus, a natural class of examples to apply quantum metric theory in the sense
of Rieffel arises from group C*-algebras. In particular, Christ and Rieffel studied quantum metric space structures on C;(G)
where the metric is defined via a length function [12]. Length functions and the associated quantum metric spaces have
also been investigated in the more general discrete quantum groups, as well as the quantum permutation group SI [13,14],
and quantum metric structures have also been developed for homogeneous spaces of quantum SU (2) [15-17].

Compact quantum groups, as defined and developed by Woronowicz [18-20], can be viewed as quantum analogues of
the continuous functions on a group C(G), where G is a locally compact group. To define multiplication in this setting, one
must again dualize. For a group G, there is a natural coassociative operation A : C(G) — C(G x G) given by A f(s,t) = f(st),
called the comultiplication, which encodes the group multiplication structure. Thus, a quantum group structure on a C*-
algebra A is defined via a coassociative operation A: A— A® A and a counit ¢ : A ® A — A satisfying certain axioms.

Our work focuses on the quantum permutation groups S;. In answer to a question posed by Connes, Wang developed the
notion of quantum symmetries for an n-point set by defining the quantum group S;" [21]. The underlying C*-algebra C(S;) is
the universal (unital) C*-algebra generated by elements (”U)?,j=1 such that u;; is a projection and ) ; u;; =1 and Zj ujj =
1. The comultiplication on the generators is given by A(u;j) = >, ujx ® uyj which generalizes the matrix multiplication
structure in a natural way; u;; corresponds in the classical case to the continuous function on S, that evaluates the ij entry
of the permutation matrix, or 1 j)—;.

Since C(S;1) is not a discrete quantum group for n > 4, it is not clear to us how to adapt the notion of length function
per se [14]. Rather, we take inspiration from cost operators used in quantum optimal transport theory. One of the goals of
this subject is to find appropriate analogs of Wasserstein distances on the space of quantum states of some system (often
the space of states or density operators on a finite-dimensional C*-algebra). Quantum Wasserstein distances can be used
as a measure of the effort it takes to transform one state to another by elementary operations (see e.g. [7]), as well as to
define a Riemannian structure analogous to the manifold of probability measures [22].

As in classical optimal transport, one needs both a cost to measure the distances between points as well as a notion of
a transport plan or a coupling for joining two states. Let us start with the cost operator. If the underlying operator algebra
A is analogous to C(X), then a cost or distance function X x X — [0, c0) would correspond to a positive element C of
A ® A. The symmetry of distance means that C is symmetric under the tensor flip, and the triangle inequality means that
11,3(C) < 11,2(C) +12,3(C) where ¢; j is the inclusion of A® A into the ith and jth copiesin AQ A® A.

To construct such a cost operator on the quantum permutation group, recall that the normalized Hamming distance on
the permutation group S, is given by

1
du(o,0') = Mo #o' (D).

This can be expressed in terms of the entries of the permutation matrices as follows:

1 1 1<
dy(o,0)=1-—|{i:o@()=0'())=1—-|{i:0'o'()=i})|=1—tr(c*0)=1-= > gj0}.
n n nij=1

This expression represents an element of C(S, x Sp) since o > ojj is a continuous function on S,. To obtain the quantum
version, we just have to replace this continuous function on S, with the element u;; € C(S;). This leads to the following
cost operator in C(S5§) ® C(S;):

.1 n
Ch=1-- Zluu ® ujj.
i,j=

We show that Cy satisfies the triangle inequality (see §4.2). We also show a subadditivity property under comultiplication
(see §4.4). This is a natural property if we want to obtain metrics on the state space that interact with convolution operation
on states of C(S;); for instance, in order to study convolution semigroups on S; [23].

The notion of coupling in the non-commutative setting is much more subtle. A natural approach is to define a coupling
of two states ¢; and ¢, on a C*-algebra A as a state ¢ on A® A with p(@® 1) = ¢1(a) and ¢(1®a) = ¢2(a); see e.g. [5,6].
However, there are major difficulties in proving the triangle inequality because of the inability to amalgamate couplings,
and sometimes the self-distance is nonzero. One can also consider unital completely positive maps A — A transforming
the one state into the other. One thing that helps in the von Neumann algebraic setting is that by imposing appropriate
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modular conditions on the states, one can guarantee that couplings can be amalgamated via the relative tensor product [24].
However, it is unclear how to adapt this method to the setting of C*-algebras, especially with states that are not faithful.

There are other approaches that are not based on a cost operator per se, but rather on other structures of the underlying
space. For instance, [25] defined a quantum Hamming distance on the state space for n qdits, which gives a quantum version
of quantifying changes one bit at a time. Very recently Rieffel [26] explained how similar quantum Hamming distances give
rise to quantum compact metric spaces, and also shows how to encode the metric data in Dirac operator type structures. In
fact, another Hamming-like distance has been used to study the ideal structure of AF algebras [27]. However, the Hamming
distance in this paper is distinct and it is unclear how they relate, since the quantum permutation group does not relate
naturally to an n-fold tensor product structure.

Many of these issues become easier to deal with in the setting of traces as opposed to general states. A trace on a
C*-algebra automatically produces a tracial von Neumann algebra on which the trace is faithful (see Lemma 2.2), while in
general it is difficult to tell whether a state on a C*-algebra gives rise to a faithful state on a von Neumann algebra and
if so, how its modular group behaves. The work of Biane and Voiculescu [28] gives natural LP-Wasserstein distances on
tracial states on a certain universal C*-algebra with specified generators; here the couplings are given by embeddings into
an arbitrary larger tracial von Neumann algebra, in which one can measure the distance between the two copies of the
generators. Moreover, the trace space of a C*-algebra, unlike the state space, is always a Choquet simplex, meaning that
every trace has a unique decomposition in terms of extreme points (see [29]).

Although restricting to tracial states may seem untenable for applications in quantum theory, many C*-algebras admit
an abundance of traces, which have played a key role in the stably finite case of the classification of unital separable simple
nuclear Z-stable C*-algebras satisfying the UCT; see [30] for a version of the classification theorem and its history. Moti-
vated by the classification program, Jacelon [3,31,4] studied certain metrics on the trace space of classifiable C*-algebras A,
showing that they are in duality with Lipschitz seminorms that vanish on the trace kernel of A, and hence are conceptually
not far from quantum metrics defined by Rieffel. In fact, he showed that any compact metric space can be realized as the
extreme boundary of the trace space of some classifiable C*-algebra [31, Theorem 4.4], [4, Theorem A].

While classifiable C*-algebras with large trace spaces require some effort to construct, it is much easier to see
that many universal C*-algebras given by generators and relations have extremely large trace spaces. For instance, the
trace space on the universal C*-algebra generated by self-adjoints |xj|| < R is not separable with respect to the Biane-
Voiculescu-Wasserstein distance [32, §5.5]. The C*-algebra of the quantum permutation group studied in this paper is also
a universal C*-algebra that similarly has an abundance of traces, including many coming from finite-dimensional represen-
tations (see e.g. [33]).

1.2. Results

In this work, we study three analogs of the Hamming distance on trace space of C(S;"), which we call Wy A, Wy 1, and
Wy - The first two distances are based on the notion of tracial couplings as in Biane and Voiculescu’s work [28], while the
third is based on tracial tensor product couplings.

Definition 1.1 (Tracial couplings). Let A be a C*-algebra and let ¢1, ¢, € 7 (A). A tracial coupling of ¢1 and ¢, is a tuple
(M, T, a1, ) where (M, 7) is a tracial von Neumann algebra and «; : A — M is a *-homomorphism such that ¢; =7 o«
for j=1, 2.

For a tracial coupling (M, T, a1, @), the two projections c1(u;j) and oo (u;j) need not commute with each other, and
1-(/n) Zi,j T (a1 (ujj)or2 (ujj)) need not define a metric. However, there are at least two ways to modify this expression to
obtain a metric. The first is to replace the product of the two projections by the intersection o (u;j) A a2 (ujj).

Definition 1.2 (Free Hamming distance via intersections). For ¢y, @2 € T(C(S;)), define

n

1
w , = inf 1—-— T (o1 (Uj) N oo (ujj ,
H A @1, 92) M7 o a2) ”UX_:] (o1 ( 1]) 2( 1]))

where the infimum is over all tracial couplings (M, T, o1, o2).

As noted in §3.1, some tracial coupling always exists (e.g. by taking a tensor product), and although the class of tracial
couplings is not a set, we can rephrase the infimum in terms of sets in the situations that we care about, thanks to
Lemma 3.2. Hence, the infimum is well-defined and finite.

Another natural choice of distance looks at the non-commutative L!-distances |o (uij) — a2(uij)llpim,7)- To motivate
this, recall that for two permutation matrices o and ¢’, we have

11
dH(G’a/)ZE Z §|Uij—0i/j|-
ij=1
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Indeed, if o (j) = o’(j), then the jth columns of the two matrices agree, but if o (j) # o/(j), then the jth columns of the
matrices differ in exactly two rows, so »_;|ojj — oi’jl = 2. Since u;j is analogous to the value of the ij entry of the matrix,

we make the following definition.

Definition 1.3 (Free Hamming distance via L'-norms). For @1, @3 € T(C(S;)), define

n

w , = inf -
H,1(91, ¥2) M

2 lloer (uij) — 2 (Ui lp1 v, 7y s
i,j=1

where the infimum is over all tracial couplings (M, T, o1, o2).
We summarize our results about Wy » and Wy 1 in the following theorem.
Theorem 1.4.

(1) Wy, defines a metric on T (C(S;)). (See Proposition 3.6.)
(2) For tracial states @1, @2, V1, V2, we have

Wiy A(@1 % Y1, @2 % Y2) S Wy A (@1, 02) + Wi A1, ¥2).
(See Proposition 3.8.)
(3) The infimum in the definition of Wy, is a minimum (see Lemma 3.5).
(4) Wy, is lower semi-continuous with respect to the weak- topology, and convergence in Wy, implies weak-x convergence. (See
Lemma 3.7.)

The same properties also hold for W 1. (See Lemma 3.9 and Proposition 3.10.)

We remark that the proof of the triangle inequality uses the amalgamated free product construction, just as for Biane and
Voiculescu’s Wasserstein distance in free probability. The traciality of ¢ and ¢ is essential for the triangle inequality because
we need to use the fact that for projections p and ¢ in a tracial von Neumann algebra, t(p Aq) + T(p V@) =T(p) + T(Q),
which fails for general states.

The third notion of couplings that we consider is the naive one of states on the tensor product with the given marginals,
except that these states are restricted to be tracial. The corresponding distance Wy g satisfies the triangle inequality but
the self-distance is not necessarily zero. Our results on Wy g are summarized as follows.

Theorem 1.5.

(1) Wy g is nonnegative and symmetric and satisfies the triangle inequality. (See Lemma 4.13.)
(2) We have

1 1
Wh.e(@1,92) > EWH,®((/)17 ¥1) + EWH,®((/)2, ©2).

(See Lemma 4.15.)
(3) For tracial states @1, @2, V1, V2, we have

Wy e (@1 * Y1, @2 % ¥2) < Wh (@1, 92) + Wh e (Y1, ¥2).
(See Proposition 4.19.)

A key point in proving the triangle inequality for the tensor couplings is the ability to amalgamate tensor couplings of
(91, ¢2) and (g3, @3). This relies on the fact that the space of tracial states is Choquet simplex, which fails for general states
on a non-commutative C*-algebra. This means that Wy ¢ can be expressed in terms of classical couplings of probability
measures on the extreme boundary 9.7 (C(S;))), and the cost only depends on the values of ¢(u;;) for ¢ in this extreme
boundary.

We relate the three distances to each other and to the classical Hamming distance as follows.

Proposition 1.6.

(1) For traces @1, @2 € T(C(S;)), we have

Wh1(@1, 92) < WhH A (@1, 92) < Wh g(01, @2).
(See Proposition 5.1.)
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(2) We furthermore have Wy A (@1, ¢2) < %H(pl — @2 |- (See Proposition 5.2.)

(3) If 91 and @, are both induced by classical probability measures (11 and jtp on Sy, then Wy 1, Wy A, and Wy g all agree with
the classical L' Wasserstein distance of j11 and 1, with respect to dy. (See Proposition 5.3.)

(4) For 1, 92 € T(C(S;)), each of the three distances is less than or equal to 1 with equality if and only ifZ'ij:1 @1 (Uuij)@2(uij) =0.
(See Proposition 5.4.)

Returning to the theme of quantum compact metric spaces, any distance d on the trace space of a C*-algebra A induces
a Lipschitz seminorm on A given by

lp1(a) — @2(a)]
llalli; = sup ———.
HP(@ o2 A1, 92)

The domain of Lipschitz seminorm is defined as the set of a where |[|al|jpq) < 0o

Proposition 1.7. If a is in the x-algebra generated by {uj; : i, j € [n]} in C(S;), then lallipwy o < lalitipw, ) < 00.Soin particular,
Lipschitz elements are dense for each of the two metrics. (See Proposition 5.5.)

Our work leaves open many basic questions, which we discuss in §5.3, including how the topologies induced by these
metrics relate to each other, whether there is a reasonable way to extend the definitions to non-tracial states, and more. In
particular, it highlights the need for a better understanding of the trace space and the representation theory of C(S;). See
5.3 for further discussion.

1.3. Organization
The rest of the paper is organized as follows.

e §2 recalls background on C*-algebras, von Neumann algebras, and quantum groups.
e &3 constructs Wy , and proves Theorem 1.4.

e §4 constructs Wy g and proves Theorem 1.5.

e §5.1 relates the distances to each other and proves Proposition 1.6.

e §5.2 proves Proposition 1.7 on Lipschitz seminorms.

e §5.3 gives questions for further research.

2. Preliminaries

We assume basic familiarity with C*-algebras and von Neumann algebras; see e.g. [34-36]. Nonetheless, given that our
paper spans several subdisciplines, we recall some basic notation and facts here for later use.

2.1. C*-algebras

2.1.1. States and GNS construction

All C*-algebras in this paper are assumed to be unital. The state space of a C*-algebra will be denoted S(A) and the
space of tracial states will be denoted 7 (A). These are both weak-* convex and compact spaces.

For a state ¢, we denote by (Hyp,y) the GNS construction (see e.g. [34, §3.1]). Recall the sesquilinear form (a,b), =
@(a*b) is nonnegative, and hence defines an inner product on A/N,, where Ny, = {a: ¢(a*a) = 0}. The completion of A/N,
is denoted by H. For a € A, we denote by @ the corresponding element of Hy, i.e. the equivalence class a+ Ny in A/Ny.
Moreover, 7, : A— B(H,) denotes the representation given by (x)d = Xa.

In the course of the argument, we use the following facts relating states, x-homomorphisms, and GNS representations.

Lemma 2.1. Let 6 : A — B be a x-homomorphism, and let ¢ be a state on B.

(1) Then ¢ o 0 is a state on A.

(2) If @ is tracial, then @ o 8 is tracial. .

(3) Thereis an isometric map U : Hyop — Hy given by U (@) = 6(a), and for x € A, we have UTtpop (X) =y 0 0(x)U.
(4) If 6 is surjective, then U is surjective and there is an isomorphism 1wy (A) = 17, (B) given by T +— UTU™.

(5) If @ is faithful, then there is an isomorphism 7.9 (A) — 6(A) given by 7 pop (X) = 0(X).

Proof. (1) and (2) are immediate.
(3) Note that

(a,d")gop =@ 00(@*d’) = pO(@)*0(a")) = (0(a), 6(a’)),-

5
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Hence, the mapping 6 is isometric with respect to the Hilbert space norms, and so gives a well-defined and isometric
operator U : Hyop — Hy. Next, note that for x,a € A, we have

Ut gop (03 = USa = 6(x0) = 6(0)8(@) = 7, (§(x))8(@) = 7, (H(X)) V.

Hence, Umyop(X) =7y (0(x))U as desired.

(4) If 6 is surjective, the image of U is dense in Hy, so being an isometry U is also surjective. We then have
Umpos (X)U* =1, (0 (x)) which yields the asserted isomorphism.

(5) In general, Ran(U) is the closure of 9/(\a) for a € A (the range again is closed because U is an isometry). Note that this
is an invariant subspace with respect to 7, (0(A)). Therefore, we obtain a *—homomorRhisone :0(A) - B(Ran(U)) given
by 8(x) = 6(x)UU* = UU*A(x). The map « is injective because if a(y) =0, then yUU*1 = y1 =7y =0, which implies that
y =0 by faithfulness of ¢. Hence, a~! is a well-defined s-homomorphism.

Now consider the map B : myo9(A) — B(RanU) given by S(T) = UTU*. This is a *-homomorphism since U*U =1 and
it is unital since UU* is the identity on Ran(U). Moreover, 8 is a *-isomorphism onto its image since U*B8(T)U =T. By (1),
we obtain

B (ot (%)) = UTtyog (U™ = 1, (0 (x))UU* = (6 (x)).

Therefore, @' o 8 gives a s-isomorphism oo (A) — 6(A). O

2.1.2. Universal C*-algebras, free products, and tensor products
Next, we discuss universal C*-algebras given by generators and relations (see [37]). For a given set of generators G =
{x4}o and a set of relations R where the relation r is allowed in R if r is given as the following

||p(xom~~,Xan,x(>§],.~,xzn)|| =n

where p € C(y1, ..., ¥an), the variables y;’s do not commute and n > 0.
A representation ¢ of (G, R) is a set of operators {y4}, in B(H) for a Hilbert space H such that {yy, = ¢ (xy)}o satisfy
the relations R. Consider the free x-algebra F(G) generated by G and R. The map ¢ induces a unique *-homomorphism

¢ : F(G) — B(H).

For a given set of generators and relations (G, R), we can construct C*(G, R) as long as it is admissible, that is, if there is
a representation of (G, R) and whenever {¢;, H;} is a family of representations of (G, R), then EB]- ¢;j is a representation
of (G,R) on EB] Hj. For any f € F(G), the norm is defined by || f|l := sup;{l¢;(f)Il : ¢; is a representation of (G, R)}. The
above two conditions imply that || f|| < oo and is a C*-seminorm on F(G). Now the universal C*-algebra for (G, R), denoted
by C*(G,R), is defined as the completion of F(G)/{f € F(G) : || f| =0}.

Given any two unital C*-algebras A and B, the universal or full free product A x B is the universal unital C*-algebra
generated by copies of A and B [38]. It is constructed so that for any two representations ;r1 and 7> on a Hilbert space H,
there is a unique representation of 7 on H extending 71 and 5.

The maximal tensor product A ®max B of C*-algebras is the universal C*-algebra generated by commuting copies of A and
B (see [34, Theorem 6.3.5]). It is constructed so that the images A® 1 and 1® B commutes, and for any two representations
1 and 75 on a Hilbert space H such that 711 (A) and 7;(B) commute, there is a unique representation of 7 on H extending
1 and .

The minimal tensor product A ®min B is the C*-algebra generated by the tensor product of given faithful representations
of A and B respectively (see [34, Theorem 6.3.3]). Due to its common usage with quantum groups, we denote the minimal
tensor product of C*-algebras simply by ®.

2.2. Von Neumann algebras

2.2.1. Basic properties

A von Neumann algebra is defined as a unital x-subalgebra M C B(H) closed in the weak operator topology (WOT). A state
@ on a von Neumann algebra M is normal if ¢ is WOT-continuous on (M)i. A tracial von Neumann algebra is a pair (M, 7)
where M is a von Neumann algebra and t is a faithful, normal, tracial state. We recall that any C*-algebra with a state gives
rise to a von Neumann algebra via the GNS construction. The following statement is basic and well known but we were
unable to find a specific reference, so we include the proof here.

Lemma 2.2. Let A be a C*-algebra, and let ¢ € T (A). Let (Hy. 7) be the GNS construction of (A, @), let M = 74 (A)” be the von
Neumann algebra generated by 7, (A), and let T (x) = (1, x1) for x € M. Then (M, 1) is a tracial von Neumann algebra.

Proof. First, note that 7 is a normal state on M because it is a vector state. Moreover, by virtue of the GNS construction, we
have 7 o 7y, = ¢. In particular, 7 is tracial on 7, (A). Now if x, y € M, fix nets x; and y; converging in the strong operator
topology to x and y. Then
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T(xy) =lim7(x;y) =limlim7(x;y;) = limlim 7 (y;x;) =lim7(yx;) = T(¥X).
i i i g i

For the faithfulness of t, we use the right representation of A given by p(a)B: ba. To show that this is well-defined, note
that

lball;, = 7 (a*b*ba) = T (baa*b*) < llaa* | T (bb*) = la* [>T (b*b) = |lal|* b}, -

Therefore, right multiplication by a passes to a well-defined bounded operator on L2(H(p) It is easy to verify that the
left multiplication by a € A and the right multiplication by a’ € A commute. In partlcular p(A) S my(A), and so (A)”
commutes with p(A). Therefore, if x € 7y (A) and 7(x*x) =0, this means that x1=0. For a € A, we have 0= (a)xl =
xp(a)l = xd. Thus, x is zero on a dense subset of Hy, and so x = 0. Therefore, t is faithful. Thus, (M, 7) is a tracial von
Neumann algebra as desired. O

The GNS construction for a tracial von Neumann algebra M C B(H) gives a standard representation which for most
purposes can be used instead of the given representation on H. We recall a few standard facts. See e.g. [39, §1.2]. If
M C B(H) is a von Neumann algebra with faithful normal tracial state 7, let L>(M, ) = H; be the associated GNS space.
Then the GNS representation A : M — B(L*(M, 7)) is faithful, the image A(M) is a tracial von Neumann algebra, A defines
a WOT homeomorphism from M; onto A(M)1. There is also a right multiplication action p(x) given by p(x)y = yx, which
defines a s-homomorphism M° — B(L2(M)), where M°P is the algebra with reversed multiplication. Moreover, A(M) and
o(M) commute, and in fact A(M) = p(M) [39, Theorem 1.2.4]. In particular, A and o produce a representation A ® p of
M ®max M°P on B(L2(M, 1)).

We remark that a tracial von Neumann algebra is determined up to isomorphism by the evaluation of the trace on -
polynomials in the generators. A x-polynomial in variables (x;)ic; is a linear combination of products of the terms x; and
x{, for instance, x1x; + 3X§XTX3. The following is another folklore result that has not adequately been written down, so we
include the proof here.

Lemma 2.3. Let (M, 7) and (M, %) be tracial von Neumann algebras. Let (x)ie; and (X;)ic; be elements of M and M respectively. Sup-
pose N and N be the von Neumann subalgebras generated by (x;)ic; and (%;)ic; respectively. Suppose that for every x-polynomial,
we have T(p((X)ic1)) = T(P((Xi)ies)). Then there is a x-isomorphism 7w : N — N such that 7w (x;)) = %; and 7 gives a WOT-
homeomorphism (N); to (N)i.

Proof. Since the standard representation of N on LZ(N T|y) is faithful and gives the same WOT-topology on the unit ball,
it suffices to prove the case where M = N and M = N, and we may assume without loss of generality that N and N are
subalgebras of B(L2(N, 7)) and B(L2(N, ¥) respectively. -

By the bicommutant theorem, N is the SOT-closure of p((x;)ic;) for x-polynomials p. In particular, p((x;j)ic;) is dense
in L2(N, 7). The analogous statement holds for N. By assumption, we have T[p((x;)ic1)*q((x))ie1)] = r[p((xl),el) q(Xien]-

Therefore, there is a unitary isomorphism U : L2(N, t) — L%(N, ) satisfying U[p((x)ic))] = U[p((x,)lel)] It is immediate
that

UA)P((Xiier) = AEDU p((Xi)ier)

and therefore A(x;) = UA(x;)U*. Thus, the map ady : T +— UTU™* sends the x-algebra generated by (x;)ic; to the x-
algebra generated by (X;)ic;. The map ady is isometric with respect to operator norm and also a WOT-homeomorphism
B(L%(N, 7)) — B(L%(N, 1)). Hence, it maps the von Neumann algebra generated by (xi)ic; onto the von Neumann algebra
generated by (X;)ic, or it maps N onto N. O

In order to define Wy 1, we use the non-commutative L! space associated to a tracial von Neumann algebra. We denote
by L'(M,7) the completion of M with respect to the norm |[X[|;1(y.;) = T(Ix]) where |x| = (x*x)!/2. There is a natural
inclusion of L2(M, T) into L1(M, 7). In fact, one can define non-commutative LP spaces LP (M, T) for every p € [1, co], where
L*®°(M, ) is M itself. These all reside within the algebra of affiliated operators and satisfy the non-commutative Holder’s
inequality [Xylliem.zy < IXlltp1 i, o)1 Y lLp2 .7y When 1/p =1/p1 + 1/p2. However, we only need this for the values 1, 2,
and oo. For background on non-commutative LP spaces, see e.g. [40].

2.2.2. Tensor products and amalgamated free products of von Neumann algebras

Given two tracial von Neumann algebras (M, t) and (N, o), one defines their von Neumann algebraic tensor product
(M®N, 1T ® o) as follows. Consider M C B(L%(M, 1)) and N € B(L>(N, o)) using the standard left multiplication repre-
sentation. Then form the minimal C* tensor product M ® N on L*(M, 1) ® L*(N, o), and let M®N be the WOT-closure
of M® N in B(L3(M, ) ® L(N, 0)). The vector 1y ® Ty defines a normal tracial state on M ® N which sends a ® b to
T(a)o (b). Moreover, since A ® B is WOT-dense in A®B, there is only one normal state on A®B that gives T ® o on A® B.
Faithfulness of T ® 0 on M®N follows using the right multiplication action of A ® B as in the proof of Lemma 2.2.

7
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As in [28], in order to show the triangle inequality for free Wasserstein distances, we need to be able to embed any two
given tracial von Neumann algebras (M1, t1) and (M3, t2) into a larger one (M, t), and to arrange that the embeddings of
M7 and M, agree on a common von Neumann subalgebra. One construction that accomplishes this is the amalgamated free
product. We recall first the existence of trace-preserving conditional expectations.

Fact 2.4 (See e.g. [39, §3.1]). Let (M, T) be a tracial von Neumann algebra and let N be a von Neumann subalgebra. Then for each
x € M, there is a unique En(x) € N such that t(xy) =t (En(x)y) forall y € N.
The map Ey is called the trace-preserving conditional expectation from M to N.

Definition 2.5 (Free independence with amalgamation). Let (M, t) be a tracial von Neumann algebra and N a von Neumann
subalgebra. For i € I, let M; be a von Neumann subalgebra with N € M; € M. We say that (Mj)ic; are freely independent with
amalgamation over N if whenever iy # iy # - # i} are indices in I where consecutive indices are not equal, and x; € M;;
with En[x;] =0, then

Enlxi, ...x;]=0.

Fact 2.6 (Amalgamated free product). Let (Mj, ti)ic; and (N, o) be given tracial von Neumann algebras, and let ¢; : N — M;j be a
trace-preserving x-homomorphism. Then there exists a tracial von Neumann algebra (M, t) and trace-preserving «-homomorphisms
¥i:Mi— Mand y : N — M such that

e yioli=y foralliel
e M is generated by y;(M;) fori € I.
e The subalgebras y;(M;) for i € I are freely independent with amalgamation over y (N).

Moreover, M is unique up to isomorphism in the sense that if (M, Vi, ¥) also satisfy this, then there is a unique isomorphism & : M —
M with ® o y; = .

Note that the free product in this theorem is not a universal free product but rather a reduced free product, one con-
structed as acting on a particular Hilbert space rather than from all possible representations (there is also a universal
amalgamated free product for C*-algebras). The construction of amalgamated (reduced) free product for C*-algebras was
given in [41], and the version for tracial von Neumann algebras was given in [42]. For a detailed proof of this fact, see the
construction of the C*-amalgamated free product in [43, Theorem 4.7.2], apply [44, Proposition 3.8.5] to establish traciality
of the state, and then extend the C*-algebra to a tracial von Neumann algebra by Lemma 2.2. The uniqueness of the amal-
gamated free product of tracial von Neumann algebras follows from the C*-case in [43, Theorem 4.7.2] by extending to the
von Neumann algebra along similar lines as Lemma 2.3.

2.2.3. Operations with projections in von Neumann algebras

The set of projections in a von Neumann algebra is closed under unions and intersections. We recall the following
elementary facts for later use.

Fact 2.7. Let p and q be two projections in a von Neumann algebra M. Then (pgp)¥ — p A q in SOT as k — oo. If T is a normal trace
on M, then T(p A q) = limg—, 00 T((p)*) = infieny T((PQ)").

Proof sketch. Since (pq)*p > (pq)*t'p, the sequence (pq)*p converges in SOT to some limit r, which is in M since M is
SOT-closed. By standard manipulations, one can show that r < p and r <q and p Aq <r. If T is a normal trace, then by SOT

continuity 7((pq)¥p) — T(p A q), and by monotonicity, the limit over k is the same as the infimum. O

Fact 2.8. Let (M, 7) be a tracial von Neumann algebra. If p and q are projections in M, then
TV +tpAQ=1(p)+T(Q.

Proof sketch. As noted in [36, 11.1.1.3], letting v be the partial isometry in the polar decomposition of q(1 — p), we have
vfv=(pvq) —p and vv*=q— (p Aq) and therefore (p vV q) — p and g — (p A q) have the same trace. O

The next two facts are well-known and straightforward to check.

Fact 2.9. Let (p;)}_, and (q;)}_, be projections in some von Neumann algebra such that p;pj = 0 =q;q; for i # j. Then
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Fact 2.10. Let p1, p2 be projections in some von Neumann algebra M and let q1, q2 be projections in some von Neumann algebra N.
Then in M®N, we have (p1 ® q1) A (P2 ® 42) = (P1 A P2) ® (1 A q2).

2.3. Compact quantum groups

For a tensor product A1 ®--- ® Ay and for distinct indices ji, ..., ji € [n], we denote by ¢j, ., the inclusion Aj; ® ---®
Aj, —> A1 ® - ® A, that maps a1 ® --- ® qi to the simple tensor with g; in the j;’s component and 1's in the remaining
components. For instance, for a three-fold tensor product,

112@®b)=a®b®1, 132@®b)=180b®a.

Definition 2.11 (Woronowicz [20]). A compact quantum group is a unital C*-algebra A together with a *-homomorphism
A:A— A® A such that:

1. A is coassociative i.e. (1@ A)A=(AR1)A.
2. span(A(A)(A® 1)) =span(AA) (1 ® A)) = AR A.

Remark 2.12. Any compact topological group G is a compact quantum group as follows. The pair (C(G), A), where A :
C(G) — C(G) ® C(G) defined as A(f)(s,t) = f(st).

Definition 2.13 ([18]). A Woronowicz Hopf C*-algebra (compact matrix quantum group) is a unital C*-algebra A together with
a dense x-subalgebra A generated by u;; for some ne N and i, j € {1, ..., n}, a unital x-homomorphism A: A — A® A such
that, letting U = [uj;]} ;_; € Mn(A),

1. UT is invertible in M,(A).
2. U is a unitary element of M, (A).
3. For every i, j, A(uij) = > j_q Uik ® Ug.

The quantum permutation group S; is defined as follows. The underlying C*-algebra C(S;) is the universal C*-algebra
generated by u;; : 1 <1, j <n such that

X e — 12 - o
Uj; = Ujj = Ujj, Zuu_l, Zuu_l
i J
Writing M, = M[,(C) for n x n complex matrices, the comultiplication for S; is given by

n
Ay =) Ui @ ;.
k=1

U will denote the matrix U = [u,-j]'fj:l € M (C(5;)) = M, ® C(S;)). The relations above are equivalent to U*U = UU* =1
and each u;; being a projection. The comultiplication is given by

(idy, ®A)(U) = t12(U)t1,3(U) € M ® C(ST) ® C(Sy).

The quantum permutation group is the universal final object in the category C of quantum groups that act on an n-point
space Xp; see [21]

For each n € N, the quantum permutation group S; contains the classical permutation group S, as a quantum subgroup,
which means that there is a quotient map C(S;) — C(Sp).

Theorem 2.14([21, Theorem 3.1]). Let 6 : C(S;) — C(Sp) be the surjective x-homomorphism given by the indicator function 0 (u;;) =
14 i)=j. Then, 0 is an embedding S, C S; of quantum groups, that is, Acs,) 06 = (0 ® 6) o AC(S,D-

Remark 2.15. For n <3, S, and S are isomorphic. Otherwise, S is neither classical nor finite-dimensional.

Compact quantum groups have a natural analog of the Haar measure, known as the Haar state. Its existence and unique-
ness for CQGs were proved by Woronowicz in the 1980s [19]. As it turns out, for the quantum permutation group S;, the
Haar state is also tracial and faithful, and it can be described combinatorially; see [45]. Moreover, C(S;") has a large number
of finite-dimensional representations and traces [33]. Other examples of quantum permutation matrices can be seen through
the connection with quantum games [46].
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3. Distance via free couplings
3.1. Definition

Recall (Definition 1.1) that for a C*-algebra A and ¢, @2 € T (A), a tracial coupling is a tuple (M, T, a1, a2) where
(M, 1) is a tracial von Neumann algebra and «j: A — M is a s-homomorphism such that ¢; =7 o for j =1, 2. Note
that the set of tracial couplings is nonempty because we can take M to be the von Neumann algebra generated by the GNS
representation of ¢1 ® @2 on A ®min A (see Lemma 2.2). We next give an alternative description of tracial couplings in terms
of traces on the universal free product A * A that restrict to ¢1 and ¢, on the first and second copies of A respectively. We
remark that this is closely related to the bijection between factorizable quantum channels and traces on free products [47].

Definition 3.1. Let A x A be the universal unital C* free product (see §2.1.2) and let ¢, t : A— A % A be the coordinate
inclusions. For @1, @2 € T (A), let

Tor,0(AxA)={p e T(AxA):potj=gjfor j=1,2}.
Lemma 3.2. Let A be a unital C*-algebra. Let 1, @2 € T (A).

(1) Given @ € Ty, 4, (A * A), there exists a tracial coupling (M, T, a1, az) such that ¢ =T o (a1 * o2).

(2) Conversely, for every coupling (M, T, a1, a2), we have T o (a1 * &t2) € Ty, 5, (A % A).

(3) Let (M, T, a1, a2) and (M, T, &1, &i2) be two tracial couplings of ¢1, ¢z and let ¢ and ¢ be the associated traces in Ty, g, (A * A).
Suppose that M = W* (a1 (A), a2(A)) and M = W* (&1 (A), d2(A)). Then ¢ = @ if and only if there is a x-isomorphism f : M —
M suchthatt =% o fand foaj =&;for j=1,2.

Proof. (1) Let ¢ € T(AxA). Let my, : Ax A — B(Hy) be the GNS construction associated to AxA and ¢. Let M =7, (A% A)”,
which is a tracial von Neumann algebra by Lemma 2.2. Let aj =7y otj, and then Toaj=@ot;j=¢@j, so (M,T,a1,02) is a
tracial coupling.

(2) Let (M, T, 1, 0) be a tracial coupling. Let o1 x ap : Ax A — M be the x-homomorphism given by the universal
property of the full free product, and let ¢ := 7 o (@1 *3). Then g o 1j =T oj = @; and hence ¢ € Ty, o, (A * A).

(3) Suppose that ¢ = ¢. Note that («¢1(a))gea U (@2(b))pea is a generating set for M and analogously (&1(a))gea U
(@2 (b))pea is a generating set for M. Since ¢ = ¢, we have in particular that for *-polynomials

T(p((@1(a)aen, (@2(b))bep)) = @(P((t1(@)aca. (2(b))bep)
= @(p((t1(@)aea, (t2(b))bep)
=T(p((@1(@)aea, (@2(b))pep)).

Therefore, by Lemma 2.3, we obtain the desired isomorphism M — M sending «q(a) to &(a) and ay(b) to @(b) for
a, b € A. Conversely, if there is such a x-isomorphism f, then

@(P((t11(@)aea, (L2(b)pep) = T(P((1(@))aen, (@2(b))bep))
= T(p((@1(@))aca, (@2(b))bep))
= @(Pp((t1(@))aea, (L2(b))pep)-
Thus, ¢ and ¢ agree on the x-subalgebra generated by ¢1(A) and t3(A), and therefore they agree on all of A xqy A. O

Definition 3.3 (Quantum Hamming distance). For @1, g2 € T(C(S;")), let

n

1
Wh A @1, 92) = inf 1—— 3 Tlen i) Aaa(uip) |- (31)

tracial couplings (M,7,a1,02) =

Using Lemma 3.2 and Fact 2.7, we can rewrite the quantum Hamming cost in terms of 7y, o, (A * A).

Lemma 3.4. For j € {1, 2}, let ¢; be as defined in (3.1). Given any @1, ¢ € T (C(S;")), the Hamming cost in (3.3) is equivalent to the
following:

.l n
w , = inf sup|1-—-— (Wi (i ¥
HAWpr g = inf sup "i,~2=1¢([ 1wipo i1

10
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Proof. If @1, 2 € T(C(S57)), then

n

1
w , = inf 1—- T (o1 (Uii) N o (Ujj
H’A((pl ¢2) tracial couplings (M, T,a1,012) nuz—:1 (e U) 2 l]))
18
= inf 1—= > z(lim [ (uipaz )]
tracial couplings (M,7,a1,02) nij:l k— 00
. 1 < L
= inf sup [ 1— =) (o (wip)aa (uip1")
tracial couplings (M, 7,0t1,02) | n i =1
3.2 1 ¢
= inf sup|1-—-— uuipown® . o
L ] Rl > o i

i.j=1

Next, we note that the infimum in the definition of the Hamming cost is always achieved; this is analogous to [28,
Proposition 1.4] for the Wasserstein distance in free probability.

Lemma 3.5. Let A = C(S;"), and let @1, @2 € T (A). Then there exists a tracial coupling (M, T, o1, &2) that achieves the infimum in
(3.1).

Proof. Define fj : Ty, 4, (A* A) by

,1 n
flp) =1 =~ 3 ol @ipiawi)*].

i j=1

Let f(@) = supycny fr(@). Since fi is weak-* continuous on 7Ty, ¢, (A * A), then f is an supremum of lower semi-continuous
functions and hence lower semi-continuous. Note that 7y, o, (A * A) is a closed subset of the compact set 7 (A % A), hence
compact. Therefore, f achieves an infimum on ’7;,1#,2 (A % A) at some point @. Let (M, 7, a1, ) be the associated tracial
coupling by Lemma 3.2. Then, in light of Lemma 3.4, (M, 7, &1, &2) achieves the infimum in (3.1). O

3.2. Metric properties
Proposition 3.6. Wy . defines a metric on T (C(S;))).

Proof. Nonnegativity: Let ¢1, ¢, be traces in 7(C(S;)), and let (M, T, a1, o) be a tracial coupling. Then

n

1
1= = ) tlon (i) Aoa(uij)

i, j=1

n
=> %(f(m (i) — (e (ui) A aa(uif))) =0
i,j=1

because a1 (ujj) > (aq(uij) A az(ujj)) for i,j =1,...,n. Hence, taking the infimum over tracial couplings, we have
W a1, 92) = 0.

Nondegeneracy: We show Wy (@1, 92) =0 if and only if ¢1 = ¢2. If ¢1 = ¢, then we can take (M, t) to be the
von Neumann algebra generated by the GNS construction of (C(S,T),<p1) as in Lemma 2.2, and let oy = a3 be the GNS
representation itself. Then o (u;j) A a2 (ujj) = aq(ujj), and so

1 ¢ 1 < 1<
1—— ) tln) Aoy =1-— > T@@y)=1--3 1=0,
i,j=1 i,j=1 i=1

so Wy A(¢1,91) =0.
Conversely, suppose that Wy (@1, ¢2) =0. By Lemma 3.5, there is a tracial coupling (M, T, a1, @2) such that

n

1 1 <
0=Whn(pr, @) =1=- 3 Tlon(uy) Aeawij) =~ > (T(en(uyj)) — T (e (uy) Azt ).
i.j=1 i.j=1

11
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Since we are adding nonnegative elements, we get T(a1(u;j) — a1(uij) A az(uij)) =0 for all i, j. Thus, faithfulness of
implies that a1 (u;j) = a1 (uij) Aaz(uyj) for all i, j. Symmetrically, oz (ujj) = o1 (ujj) A a2 (ujj), and therefore o (ujj) = o2 (ujj)
for all i, j. Since {u;j}; ; generate C(S;F), we have a1 = a, hence g1 =T o1 =T oy = ¢s.

Symmetry: Observe that (M, 7, 1, «p) is a coupling of (¢1, ¢7) if and only if (M, T, &z, 1) is a coupling of (2, ¢1) and
a1 (uij) Aap(uij) = az(uj) A aq(ugj). Therefore,

n

. 1
Wha(@1@2)= inf 1= = 3" w(on (uyj) Aaa(u)
tracial couplings (M,7,a1,02) n =
1 n
= inf 1—— " w(ea(uij) Ao ()
tracial couplings (M,7,a2,01) n =1

= Wp (@2, 01).

Triangle inequality: Let @1, 92, @3 € T(C(S;))) and consider couplings (M1, T1, &1, ®2), (M2, T2, B1, B2). Since T1 oz =
@2 = T2 0 B1, the von Neumann subalgebras generated of M1 and M, generated respectively by a2 (C(S;)) and B1(C(S5;))
are x-isomorphic in a trace-preserving way by Lemma 2.3. Therefore, there is a free product (M, t) of (M1, 1) and (M3, 12)
with amalgamation over o2 (C(S;)) = B1(C(S;)). Let n; be the inclusion of M; into M. Let

Yi=noa:C(SH—M
Ya=moaz=n0pB1:C(SH)—>M
)/3:7]20/321C(5,T)—)M
Then Toy;=7Toniow1 =71 001 =¢;q. Similarly, T o ¥, =7 012 0 B2 = T2 0 B2 = 3. Therefore, (M, 7, y1, y3) is a tracial
coupling of (¢1, ¢3).
For each i, j=1,...n and k=1, 2,3, the element y,(u;;) is a projection, and therefore their maximum and minimum
are also projections. By Fact 2.8, for each i, j, we have
T(y1(Uij) A Y2 (uij) + T (Y2 (uij) A y3ij)) = T(y1(Uij) A y2(uip)) A (Y2 (i) A y3uij))
+ (1 (Wij) A y2(Uuif) Vv (V2 (Uij) A ys(uij)) (3.2)
< t(y1(uij) A y3ui)) + T (Y2 (Uij))

since y1(uij) A y2(uij) A y3(uij)) < y1(uij) A y3(uij) and (y1(uij) A y2(uij)) v (2 (uij) A y3(uij)) < y2(uij) and 7 is positive.
Therefore, by (3.2),

n n n n

1 1 1 1
- Z T(y1(uij) A y3(uij)) — - Z T(y2(uij)) < - Z T(y1(uij) A y2(uij)) — - Z T(y2(uij) A y3(Uuij)).

i,j=1 i,j=1 i,j=1 i,j=1
By adding 1 both sides and using Z?J:l T(y2(ujj)) =1, we get

n n n

1- n i]Z:l T(Y1(Uuij) Aysuij) <1-— o ,-]2 T(Y1Uij) A y2(uij)) +1— - i,Z:] T(y2(uij) A y3(U;j)) (3.3)
1 & 18
=1- ) nlen @ Aaa) +1 =+ 37 Ta(Biuy) A B (ui)), (34)
i.j=1 i j=1

where in the last step we used that the embeddings of M; and M; into M are trace-preserving. Since the tracial couplings
of (¢1,¢2) and (g2, 3) were arbitrary, (3.2) and taking the infimum yields

WhH A @1, 03) S Wy A(@1, 92) + Wy A (@2, 903). O
We next show the properties of Wy , with respect to the weak-* topology.

Lemma 3.7. Wy, is a weak-x lower semicontinuous function on T (C(5;7)) x T(C(S;)). Moreover, if Wy A(@k, ) — O, then
@r — @ in the weak-x* topology.

12
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Proof. Since 7(C(S;)) is compact and metrizable, it suffices to show that, given sequences ¢1.m — @1 and @, — @2, we
have

WH A(@1, 92) <liminf Wy A (@1,m, ¥2,m).
m—00

Let f be as in the proof of Lemma 3.5, and let ¥im € Ty, .05, achieve the infimum of f over 7y, ¢, (A * A). Since
T (A x A) is compact, there exists a subsequence v;, that weak-+ converges to some v € 7 (A % A). Note that

Yotj=lim ¢y, 0otj= lim @;n, =¢@jfor j=1,2,
=00 {—o0
hence ¥ € Ty, ¢, (A * A). Then

Wh (@1, 92) < f(¥) <liminf f (Y, ) <liminf f () = liminf Wy A (@1,m, ©2,m),
{— 00 m—o0 m— oo

which completes the proof of lower semi-continuity.

For the second claim, suppose ¢y — ¢ with respect to Wy, . Since 7(C(S;)) is compact and metrizable, it suffices to
show that for every subsequence of ¢ has a further subsequence that converges to ¢. If ¢, is a subsequence, pass to a
subsequence that converges to some . By lower semi-continuity, Wy A (¥, ¢) < liminf,_, oo Wh A(¢,, ) =0, and hence
¥ = ¢ by non-degeneracy of the metric. O

3.3. Behavior under convolution

Recall that the comultiplication map A on C(S;}), is given by A(ujj) == ZZ:] ujx ® u; and the convolution of two states
7,0 € T(C(SF) e T(MQ N).

T+*0=(T®0)oA.
Proposition 3.8. Let @1, 2, Y1, ¥2 € T(C(S;)). Then
WH A@1 %Y1, @2 % Y2) S Wy A(@1, 92) + WH A1, ¥2).

Proof. Consider tracial couplings (M, T, a1, a2) for (¢1,¢2) and (N, o, B1, B2) for (Y1, ). Consider the tracial von Neu-
mann algebra (M®N, T ® 0), and define y1, y» : C(S5;}) > MQN by y;:= (aj ® Bj) o A. For j=1,2, we have
(T®0)oyj=(T®0)o(@j®pj)oA
=((Toaj)®(@ofj)oA
=(pj®¥j)oA
=@j* ;.

Therefore, (NQM, T ® 0, 1, y2) is a tracial coupling for ¢; * y1 and @; * ¥,. For any i, j € [n], note that a1 (u) ® B1(ukj)
and o (uj) ® B1(uyj) are orthogonal for k k' (and similarly with o and g, instead of oy and 1), and so we compute
using Facts 2.9 and 2.10 that

Y1(Uij) A y2(uij) = (o1 @ B A(Uij) A (a2 ® B2) A(uij)

= (1 ® B1) (Z Uik ® Ukj) A (o2 ® B2) (Z Uik ® ukj)

k=1 k=1

= (Z(al(um ® p1 (u,q))) A (Z(azwik) ® ﬂz(ukj)))

k=1 k=1

> > (@1 (i) ® B (uip)) A (@2(uin)) ® B2 (uk))
k=1

= Z(Oll (i) A 02 (Uik)) @ (B1(Ukj) A Ba(Ukj))-

k=1

By positivity of T ® o,

13
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n
(T ®0) (1 (i) A y2 (i) = Y (T ®0) (o1 (wig) A 2 (uin)) ® (B1(ug) A B2 (ugg))
k=1

= Z T (o1 (Uik) A o2 (U)o (B1(Ugj) A Ba(ugj))

k=1

Therefore,

1 n
1- - Z (T ® o) (Y1 (uij) A ya(uij))

i,j=1
1 ¢ 1 ¢
=1-- D Tlon (i) Az (i) + o D Tlan (i) A (ui))
ik=1 ik=1

n

1
- > (e i) Az (uip))o (B (ug) A Ba(ug))

i, jk=1
1 n 1 n n
=1-= D Tl (i) Az (i) + - D Tl i) Aaxi)) (1 =Y o (B ) A Ba(ug))
ik=1 ik=1 j=1
1 ¢ 1 ¢
S1—— )7 Tlen i) Adai) + 1=~ 3 0 (Biui) A Paug)).
ik=1 k. j=1

Since the couplings of (¢1, ¢2) and (Y1, ¥,) were arbitrary, we get the required inequality. The small thing to note here is
the identification for the state as mentioned in the paragraph before (3.8). O

3.4. Distance via L'-norm

Recall the second distance Wy 1 from Definition 1.3 given by
, 1 1
Wh,1(¢1, ¢2) = inf - 3 [ o (uij) —Olz(uij)”L](M,,),

M,t,01,02) N
i,j=1

where L'(M, 7) is the non-commutative L! space (see §2.2.1).
Lemma 3.9. The infimum in (1.3) is achieved.

Proof. Let C; be the element of the universal free product A % A given by

l n
C1=— t1(uij) — L2 (uil,
1= Z |1 (uif) — ta(uip)]
i,j=1
where |x| = (x*x)1/2. If (M, T, aq, o) is a tracial coupling and ¢ € T1,0, (A A) is the corresponding state, then
n
inf

M,7,01,02) N <
i,j=1

1
5 ot (ui) — o (ui) HU(MJ) =@(C).

Since @ — @(Cq) is weak-* continuous and 7y, ¢, (A * A) is compact, the infimum is achieved. O
We now record the properties of Wy 1 analogous to those of Wy .

Proposition 3.10. Let @1, @2, V1, ¥2 € T(C(S§)).
1. Wy 1 is a metric on T (C(S;)).
2. Wy 1 is weak-* lower semi-continuous on T (C(S;)) x T(C(S;")) and convergence in Wy 1 implies weak-x convergence.

3. Wy (@1 x Y1, 02 x ¥2) < Wy 1(@1, 92) + Wy 1(Y1, ¥2).

14
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Proof. (1) Wy 1(¢1, ¢2) > 0 is straightforward. For ¢ = @2, choose the tracial coupling (M, 7, a1, @z) such that T oy =
@1 =2 =Toay. So, for each i, j, T(or1 (uj) — o2 (i) = T (1 — a2 (ujjuj)) = T (o (ugj) — o2 (i) * (@1 (uij) — 2 (uyj). Since T
is faithful, we get a1 (u;;) = a2 (uy;) for all i, j, so Wy 1(¢1, ¢2) =0. By Lemma 3.9, the infimum is achieved Wy 1(¢1, ¢2) =
0 = there is a coupling (M, T, a1, a2) such that [loq(u;ij) — a2 (uij)l| =0 = a1 (ujj) = az(uyj) for all i, j and therefore
o1 =op. Then @1 =T o1 =T o ¥y = . Symmetry is similar to (3.6). The triangle inequality follows from the triangle
inequality for the norm of L!(M, 7) and constructing the amalgamated free product as in the case of WH, A

(2) The proof is completely analogous to Lemma 3.7, so we leave the details to the reader.

(3) As in Proposition 3.8, consider tracial couplings (M, T, a1, @) of @1 and ¢, and (N, o, B1, B2) of ¥ and . Let
Vi=(@j®pBj)oA: C(S;) — M®N, so that (M®N, T ® 0, y1, ¥») is a tracial coupling of ¢ * ¥1 and @, * v,. Note that
I1X® Yl (men,re0) = X1, o) 1Y I (N, 6)- Thus,

lya (i) — v2 Wi | (wsN. r@0)
= [(er1 ® B1) A(uij) — (@2 ® B2) AUij I (msN . re0)

Zal (Uik) ® B1(ukj) — a2(ujx) @ B2(ukj)

k=1

LY(M®N,7®0)

Z(al (Ujk) — o2 (Uik)) @ B1(ugj) + o2 (Ujk) @ (B1(Ugj) — B2 (Ukj))

k=1

LY (M®N,t®0)

n
< leal (i) — o2 i) | 1 (v, o) 1 B1 W) 111 (v, o) + 02 Wit |1 (v, o) 11 B1 (Uki) — B2 i) 11 (v, o)
k=1
n

= Z”al (Uik) — o2 i) | 1 (M, )0 (B1(Ukj)) + T (2 (i) | B1 (ki) — B2 (Uil (N, o)
k=1

Therefore,

1 n
n Z ly1(uij) — v2ip I (v, re0)

i,j=1
n n
1 1
=5 Z lloer (uik) — e (Wit [l 1, r)o.(/g'l(uk]))—i_% Z T(a2(ui) 181 (ki) — B2 () 11 (N .o
i,j.k=1 i,j,k=1

1 n n _l n n
=5 2 len i) =@l | Do Brug) |+ > [Zr(azwik»] 181 (i) — B2 Wi 11 (o)

i k=1 j=1 jk=1Li=1

— Z lert (i) = e @i 1,y + 5 Z 181 (i) — B2 Wi 1 o) -

zk 1 ]k 1
Since the couplings were arbitrary, we obtain Wy 1(@1 * Y1, @2 * ¥2) < Wh 1(@1, 92) + Wh 1(¥1, ¥2) as desired. O

4. Distance via tensor couplings

4.1. Tracial tensor couplings

Definition 4.1. Let A be a C*-algebra, and let ¢1, @2 € T (A). A tracial tensor coupling of (¢1,¢2) is a trace ¢ € T(A® A)
such that ¢(@a® 1) = ¢1(a) and ¢(1 ® a) = p2(a) for a € A. We denote the set of tracial tensor couplings by I g (@1, ¢2).

Definition 4.2. A cost operator is an element C € (A ® A)4+. We say that C is symmetric if 11 2(C) = t12(C). We say that C
satisfies the triangle inequality if ¢1 3(C) <t1,2(C) + 3,3(C), where we employ tensor-leg notation.

Definition 4.3. For a cost operator C and ¢1, ¢, € 7 (A), define

We(pr, ¢2) = inf (0).
Pellro(@1.92)

Remark 4.4. The infimum is always achieved because Il g is a weak-x compact subset of 7 (A) and ¢ — ¢(C) is weak-x
continuous.
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Proposition 4.5. Let C € (A ® A) be a cost operator and @1, @2, @3 € T (A).

1. Wc(p1,92) 2 0.
2. If C is symmetric, then W (@1, ¢2) = W (@2, ¢1).
3. If C satisfies the triangle inequality, then W (@1, ¢3) < W (@1, 92) + W (@2, ¢3).

The main challenge in Proposition 4.5 is to prove the triangle inequality. In order to do this, we need to consider
71 € Hir,0 (91, 92) and 12 € [ o (@2, ¢3) and amalgamate them to obtain an element of Ty g (@1, @3).

The key property that makes this proposition work is that the trace space is a Choquet simplex. Recall that for a weak-x
closed convex subset X in the dual of some Banach space, we denote by d. X the set of extreme points. Choquet’s theorem
(see e.g. [48, §1.4]) says for each x € X, there exists a probability measure @ on 9. X such that x = faex ydu(y); in this case,
we say that x is the barycenter of w. If the measure p is always unique, then X is called a Choquet simplex (see e.g. [48,
§I1.3]). For a C*-algebra A, both S(A) and 7 (A) are weak- closed convex subsets of the dual of A. However, S(A) is never
a Choquet simplex unless A is commutative. On the other hand, 7 (A) is always a Choquet simplex. A simple proof of this
fact is given in [29].

Lemma 4.6. Let A be a unital C*-algebra. For every ¢ € T (A), there exists a unique ju € P (9.7 (A)) such that

() = / T(a)du(T).
9T (A)

In order to study traces on the tensor product, we also need to use the following fact.

Lemma 4.7. Let A and B be C*-algebras. Let T € T (A ® B). Then t is extreme if and only if T = 71 ® T, where 71 € 3.7 (A) and
Ty € 0.7 (B). Moreover, this relationship defines a weak-+ homeomorphism 9,7 (A ® B) = 3.7 (A) x 3T (B).

Lemma 4.8. Let A be a unital C*-algebra. Let @1, @2, @3 € T (A). Fix couplings p1 € (@1, ¢2) and pa € My (@2, ¢3). Then there
exists a unique o € T(A® A ® A) such that

pol12=p1, polz3=p2,

where (; j is the natural tensor leg inclusion.

Proof. Recall that 3,7 (A® A) = 9.7 (A) ® 3. T (A), and let 71, 72 : 9.7 (A ® A) — 9. T (A) be the two canonical coordinate
projections.

For j=1, 2, 3 let j € P(37(A)) be the unique measure such that ¢; = faeT(A)rduj(r). Similarly, for j =1, 2,
let vj € P(3.7 (A ® A)) be the unique measure such that p; is the barycenter of v;. Note that (m3).v; gives a measure
on 3.7 (A) whose barycenter is ¢;, and therefore since 7 (A) is a Choquet simplex, we have (73),v1 = po. Similarly,
(m1)+V2 = (2. Thus, v1 and v, yield are two probability measures on 9,7 (A) x 3.7 (A) such that the second marginal of
vq agrees with the first marginal of v;. By standard results on conditional independence in probability theory, there exists
a probability measure A on 9.7 (A) x 3.7 (A) x 3. T (A) = 0.7 (A® A® A) whose projection on the first two coordinates is
V1 and whose projection on the second two coordinates is v,. Then let

p= / 71 Q@ T2 ® T3dA(T1, T2, T3).
9. T (A)*<3
Then

poliz= / T1 @ T2dA(T1, T2, T3) = / 71 ® T2dv1(T1, T2) = o1,
3T (A)<3 0e T (A)*2

and similarly poiy3=p2. O

Proof of Proposition 4.5. (1) follows because for any ¢ € Iy, ¢ (¢1, ¢2), we have ¢(C) > 0 by positivity of C.

For (2), note that if ¢ € Iy g, then so is ¢ composed with the tensor flip.

It remains to prove (3) that W¢ satisfies the triangle inequality provided that Cy3 < Cy2 + C33. Let @1, ¢2, @3 € T (A).
Fix 11 € M, 0 (@1, 2) and 2 € i (@2, ¢3). By Lemma 4.8, there exists some p € 7(A® A ® A) such that

pol12=11, polz3=1n.
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Note that ¢ := p o t1,3 € Iy, ¢ (¢1, ¢3). Therefore,

P(t1,3(0)) = p(t1,2(0)) + p(12,3(0)
¥ (CO) = ¥1(C) + ¥2(0).

Hence, taking the infimum over 1 € Iy (@1, ¢2) and Y € i, g (92, ¢3), we have

W1, 93) < Welor, 92) + We @z, ¢3),
as desired. O
Remark 4.9. In fact, both properties (1) and (2) also work if we use general states rather than traces, and consider the set
Mg (p1,¢@2) of states ¢ on A® A with ¢(@a® 1) = ¢1(a) and ¢(1 ® a) = ¢,(a). Moreover, the triangle inequality (3) will
hold whenever the middle state ¢, admits a unique decomposition in terms of extreme points, e.g. if ¢, is itself extreme.

Compare [49, Theorem 1] where certain quantum Wasserstein distances are shown to satisfy the triangle inequality when
the middle state is pure.

We finally remark that by decomposing a trace in terms of extreme traces, the tracial couplings can be reduced in some
sense to classical couplings. This lemma follows from the same reasoning used in the proof of Lemma 4.8.

Lemma 4.10. Let C be a cost operator, and for t1, T2 € 3,7 (A), define

(11, 12) := (11 ® 72)(C).

Let @1, @2 € T(A). Let 1 and p, be the unique probability measures on 93,7 (A) with barycenters ¢1 and ;. Then any ¢ €
i, (@1, @2) is the barycenter of a unique probability measure ( on 3.7 (A) x 3. T (A) which has marginals (1 and (i, and we
have

p(C) = / c(t1, T2) du (T, T2).
BT (A) X% T(A)

4.2. Tensor Hamming distance for C(S;")

Definition 4.11. The Hamming cost operator is the element Cy € C(S;") ® C(S;) given by
l n
Ch=1- - 'Z1Uij & ujj.
L,]=

Remark 4.12. The Hamming cost for quantum permutations can be expressed in another way as follows. Let U be the
canonical n x n unitary matrix in M(C) ® C(S;). Then

_l n
- Z o Ui ® ujj) = [tr; ®p1(t1,2(U*)e1 3(U)),
i,j=1

where the element on the right-hand side is in M,(C) ® C(S;) ® C(S;}). Therefore,
Ch=1—[try ®p](t1,2(U")t13(0)).

Since U is unitary, it is clear that [tr; ®0](t1,2(U*)t1,3(U)) has norm at most 1. We also have that Cy is self-adjoint since
the u;;'s are projections. Therefore, Cy > 0, so it is a valid cost operator.

Lemma 4.13. The Hamming cost Cy is symmetric and satisfies the triangle inequality 11 3(Cy) < t12(Cy) + t2,3(Cn). Consequently,
Wy g is nonnegative and symmetric, and it satisfies the triangle inequality.

Proof. We already verified Cy > 0, and it is immediate that Cy is symmetric under the tensor flip. It remains to show that
Cy satisfies the triangle inequality, that is,

1 « 1 ¢ 1 ¢
1—Eijz_luij®1®uij§ 1_Hijz_:1uij®uij®1 + 1—Ei]z_:11®uij®uij

17
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It suffices to prove for each i that

n n n
1= w@l@u;<|1-Y uj®u;el|+|1-) 1ou;®u;|.
j=1 j=1 j=1

since of course this operator inequality can be summed over i then divided by n. Therefore, fix i, and write

n
P12= Zuij Quij®1
j=1

n
P23 = Zl ® ujj ® ujj
j=1

n
P13 = Zuij ®1 Q ujj.
j=1

Then we want to prove that 1 —p13 < (1—p1,2)+ (1 — p2.3). Recall that (u,j)'}:l is a family of projections that sum up to 1,
and in particular, they commute. Similarly, (u ji);?:1 is a family of projections that add up to 1. Therefore, for a fixed value of
i, all the operators in the equations above commute with each other. Note that p1 is a projection since u;j ® u;; for j=1,
..., n are disjoint projections. Similarly, the other four operators are projections. Since we have commuting projections,

A=p12)+A=p23) >0 —=p12)vV(A—=p23)=1-p12pP23.

Using again the fact {u,-j}’]?:] are orthogonal

n n
P12P23 = Zuij®uij®1 Zl®uij’®uij’
j=1 =1

n
= Zu,’j Q ujj ® ujj
j=1

n
<> u®1®uj;
j=1

=P1,.3.

Thus, 1 —p13<1—p12p23=<(1—p12)+ 1 —p23), as desired. O
4.3. Bounds in terms of self-cost and equality cases

Lemma 4.10 allows us to rephrase the tensor Hamming distance for the quantum permutation group in terms of a
classical optimization problem.

Lemma 4.14. Let @1, @3 € T(C(S;})). Let i j be the unique probability measure on 9,7 (C(S;})) with barycenter ;. Let

cn 1 8eT(C(Sy)) x 8eT(C(Sy)) — [0, 00)

be given by
n
1
cH(m, 1) = (M @T)(Cr) =1- --21 71 (uij) T2 (uip).
i,j=
Then
WH,®(<P1,<P2)=iLlf / cH(T1, T2) du(T1, T2),

e T(C(SH ) ¥ T(C(S7))

where (. ranges over probability measures on 8,7 (C(S;)) x 3. T (C(S;")) with marginals (41 and 15 respectively.
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Proof. The evaluation of (11 ® T2)(Cy) =1 — %Zﬁjﬂ 71(uij)T2(ujj) follows by direct computation. By Lemma 4.10, the
tensor couplings ¢ of ¢1 and ¢, are in bijection with probability measures p on 3.7 (C(S;)) x 8.7 (C(S{)), and the cost
of each w is given by the expression asserted in the lemma. O

In particular, this allows us to evaluate the self-distance Wy g (¢, ¢) as follows. Note the parallel with the self-distance
estimate for a certain quantum Wasserstein distance [50, Theorem 1].

Lemma 4.15. Let o € T(C(S;))) and let o be the corresponding probability measure on 8,7 (C(S;7)). Then
n

1
Wi go)=1-— 3 / T (uij) dpto (7). (41)

WY sy

Now let @1, 2 € T(C(S;H)) and let ju1 and iz be the corresponding probability measures on 8,7 (C(S;7)). Then
1 1
Wy e(@1,¢2) — EWH,®((/’1’ 1) — EWH,®((/)2, ©2)

. 1 ¢
= inf / o= O (M) = )’ du(, ). (42)

B T(C(ST) X0 T(C(ST)) Bj=1
Proof. For ease of notation, write Q = 8,7 (C(S;1)). Consider ¢1, @2 € T(C(S;)) and corresponding measures i1 and puz,
and let u be a measure on 8,7 (C(S;)) x 8T (C(S;})) with marginals 141 and (. Then we have by the arithmetic-geometric
mean inequality,

1 n
/ ]_E.Z T (Uip T2 (uy) | di(tr, 72)
QxQ Lj=1
n

1
=1-— - Z / 71 (uij) T2 (uij) d (T, 72)

Li=lgva
1 . 1 1

Li=1g%q

A%

1 1« ) 1 1 ¢ )
= 5/ 1-- Z T (uij)” | dua(ty) + 5/ 1-— Z T2(uij)” | dua(t2).
Q i,j=1 Q i,j=1
In particular, in the case when w1 = = o, we obtain

1 ¢ 1 ¢
/ == > i)ty | du(tr. 1) Z/ =7 D i) | dpo(o),
QxQ ij=1 Q ij=1
and thus, since p was arbitrary,

n

1
Wi e (@0, ¥0) = / 1- o Z T(ui)? | duo(t).
B T(C(SH) ij=1

On the other hand, equality is achieved when we take it to be a copy of 1o supported on the diagonal of  x . Therefore,
we have proved (4.1).
We then observe that

1 < 1 1
1- - Z T (Ui T2 (uyj) | dp(ty, 72) — EWH.@((/)L(/)l) - EWH,®((/>2,</)2)
QxQ ij=1
_l n
= f 1- - Z Ty (uij) T2 (uj) | di(T1, T2)

QxQ Lj=1
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1 1 ¢ ) 1 1 ¢ ,
- 5/ 1- 3 Z T (Ui | dur(t1) — 5/ 1- - Z Ta(ui)” | dua(t2)
Q i,j=1 Q i,j=1

_l n
= f I Z (T1 (i) — T2(u)) 2 du(T1, T2).
axq b=l
By taking the infimum over p with marginals @1 and w, on both sides of the equation, we obtain (4.2). O

As a consequence of this formula, we next observe that the self-distance vanishes if and only if ¢ arises from a classical
probability measure on Sp. Thus, “most” tracial states on C(S;) have nonzero self-distance.

Lemma 4.16. Let ¢ be a tracial state on C(S;). Then Wy g (¢, ¢) = 0 if and only if ¢ has the form ¢(a) = fsn 6(a)dv for some
v € P(Sy), where 8 : C(S;) — C(Sp) is the canonical quotient map.
Proof. Suppose that Wy g(¢, ¢) =0. Let i be the measure on 3,7 (C(S;)) corresponding to ¢. Then

n

1 ¢ 1< 1
/ = [Ty — T’ ldpu(r) = / Egrm—EZr(ui,pz] dju(t)

eTCsty T 0 T(C(ST) b=t
] n
=1- / Ez_:]r(uij)z] du()
deTC(ST L M7
:WH,®(¢7§0)'

Since 0 < 7 (ujj) — 'L'(u,j)2 <1, we conclude that for p-almost every t, for all i, j, we have 7 (u;j) = ‘l:(uij)z, and so T(u;j) €
{0, 1}. For any 7 that satisfies this condition, the projection 7 (u;j) is either 0 or 1 by faithfulness of the trace on m; (A)”.
Since m;(A)” is generated by {m; (uij)}ﬁj:], this forces m;(A)” to be one-dimensional, and so 7;(a) = t(a)1 for all a.
Hence, T is *-homomorphism C(S;7) — C and so it vanishes on ker(9). Since this holds for -almost every T, we see that
@ vanishes on ker(0). Hence, there exists a tracial state ¢ on C(Sy) such that ¢ =@ o 6; indeed, one can verify readily that
@ is well-defined as a linear map since ¢ vanishes on the kernel and then check that @ is unital, positive, and tracial. But
every tracial state on C(S;) is given by a probability measure on Sj.

For the converse direction, we defer to Proposition 5.3 below which shows that for tracial states that arise from proba-
bility measures on S, our Wy & agrees with the classical L Wasserstein distance, so in particular the self-distance is zero.
Alternatively, one can argue that the Dirac delta masses on C(S,) produce extreme states on C(S;), so the decomposition
of v in terms of such Dirac masses gives a direct description of boundary measure w to use in (4.1). O

The preceding lemma allows us to express Wy g in terms of measures on the Birkhoff polytope

Bo={AeM;(R):Aj €[0,1.) Aj=1.) Aj=1}
i j

of bistochastic matrices. We remark that if ¢ is a state on C(S;), then the matrix

(@) =@ j_y isin By
because ) ;u;j =1 and Z] ujj=1.
Lemma4.17. Let @1, ¢ € T(C(S;)), and let j1 ; be the probability measure on 3. T (C(S;7)) with barycenter ;. Let w i j € P(By) be
the pushforward and let W be the Wasserstein distance on P (By) with respect to the normalized Hilbert-Schmidt metric |A — B|, =
trn[(A — B)2]/2. Then we have

1 1 1 2

Wh e(@1,92) — EWH,®((/)1’ 1) — EWH,®((/)2, ©¥2) = 5Wz(a)*m,w*uz) .
In particular, the left-hand side vanishes if and only if w1 = w4 2.
Proof. First, let ¢ be a trace that achieves the optimum in the definition of Wy & (¢1, ¢2), and let u be the corresponding

probability measure on 9,7 (C(5;)) x 3. T(C(S5;)). Then v = (w x w).u defines a classical coupling of v = w,u1 and
vy = wy V3. It follows from (4.2) and the definition of vq, vy, that
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1 1
Wh,e(@1,¢2) — EWH,®(<P1, ¥1) — EWH,®((,02, ©2)

1 n
_ / o > (i) — (i) du(ty, )

TSI xATCST) T

] n
= / %Z(Aij—A;j)zdv(A,A’)
Bpx Bn i,j=1

1
- / §||A—A’||§dv(A,A/)
Bn xBy

1 2
> 5W2(V1, V2)<.

To prove the opposite inequality, let v € P(B, x Bp) be an optimal coupling of v; and v, for W;. To prove the lemma,
it suffices to show that v = (w x w).p for some coupling & of (w1, 2) on 3T (C(S;)) x 3T (C(S;)), because then the
computations that we did above can be applied to this .

For j=1, 2, define a measure p; € P T(C(S)) x By) by pj = (id, )4 j. By construction the marginals of p; are u;
and vj. We also have a measure v on B x B, whose marginals are v; and v,. By taking conditionally independent joins
or fibered products of the probability spaces, there exists a probability measure p on 3.7 (C(S;")) x Bn x 3T (C(5;)) x By
such that

e The marginal of p on the first two coordinates is pi.
e The marginal of p on the second and fourth coordinates (the copies of B;) is v.
e The marginal of p on the last two coordinates is p1.

Let p € P(3.T(C(S§)) x 3. T(C(S;))) be the marginal of p on the first and third coordinates. Thus, the marginals of
are the marginals of p on the first and third coordinates respectively, which are @q and w;. So it remains to show that
(@ x )4 = v. For this, note that p; and p, are supported on {(z, A) € 37 (C(5;)) x Bn : w(t) = A}. Hence, p is supported
on

{(t,A, T, A):0(1) = A, w(t') = A').

Therefore, for each Borel set E C B, x B,, we have

v(E)=p{(t,A,t/,A"): (A, A) € E})
=p({(t, AT, A):w(1)=Aw()=A",(A A)€E})
=p({(T.A T, A):0(1)=A,0(T)=A,(1,7) € (@ x w) " (E)})
=p({(r, A, T/, A): (1, 7) € (@ x ) ()
= (@ x )~ (E)).

Hence, v = (w x ). as desired. O

4.4. Behavior under convolution

In this section, we show the subadditivity property for the distance with respect to convolution. This is the dual version
or quantum analog of the multiplication operation being 1-Lipschitz in each argument for a metric group.
We define the following *-homomorphism using the Sweedler notation

A:A®RA—> AR A® AR A defined as

A@® =Y a1 ®1®ap®1=113(A@®1)
(@

Al ®a) = Zl Qamn®1®ap) =41 ® A)
(@

where (; AR AQRA®A— A® A® A® A are embeddings to the (i, j)-th legs.
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Lemma 4.18. For the Hoamming cost Cy € (A ® A), we have

A(C) <11,2(Cy) +13,4(Ch)
Proof.

y y 1<
ACh=A(1-— > uj®uy
i,j=1
l n
:1®1®1®1_H_ ;luil<®uil®ul<j®ulj
1,],k,1=

.1 n
§1®1®1®1—E';luik@)uik@ukj@ukj
i,j,k=

1 & 1 &
=10101801—- ) u@u®1®1+- Y u@uy®1®1
nik:l nik:l

1

n
~a Z Uik @ Uik & Ugj @ Uj

i,j.k=1
_l n n
:ll,Z(CH)‘i‘EZuik@Uz‘k@l@] 1—Zl®1®ukj®ukj

ik=1 j=1
<112(Cy) +134(Ch). O

Proposition 4.19. Let ¢1, ¢», Y1, ¥ € T (A). Then
Wy g (d1 * Y1, g2 x ¥2) < Wy g(d1, d2) + Wh o (V1, ¥2).

Proof. Let ¢,y be the tracial tensor couplings for ¢1, ¢ and ¥, ¥, respectively. We define ¢p# = (¢ @ ¥)o A € T(AQ A)
and show that it is a tracial tensor coupling for the convolutions ¢ * ¢1 and ¢, * 2. For any a € A, we have

PFY@®1)=(p@Y)A@®1)

=(p®Y) Zaa) ®1®ap 1
(@)

= Z(b(a(]) DY@z ®1)
(@)

= Zd)] (a@)vi(aw)
(@)

= (1 ®@ Y1) (A(@) = ¢1 * Y1 (a).

Similarly, we get ¢*¥ (1 ® a) = ¢, * ¥2(a) for all a € A. For any such coupling of the convolutions ¢ * 1 and ¢, * ¥, we
have the following inequality. Since ¢ ® v is positive, by (4.18), we get

%Y (Cy) = (¢ ® ¥)(A(Ch))
<P QY (t12(CH)) + ¢ @Y (13,4(Ch))
=¢(CY(A®1)+¢(1® DY (CH)) =¢(Ch) + ¥ (Ch).

Now, taking the infimum over all the couplings of the convolutions gives us the required inequality O
5. Connections and future directions
5.1. Comparison of distances and recovery of classical case
The next proposition gives inequalities relating the different versions of the Hamming distance that we have defined.
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Proposition 5.1. For ¢y, ¢2 € T (C(S;)), we have
WhH (@1, 92) S WH A (@1, 02) <Wh g(@1,92) < 1.
Proof. To show that Wy 1(¢1, 92) < Wy A (91, ¢2), consider a tracial coupling (M, T, a1, @3). Observe that

lloex (i) — oo i 1 ovr oy < Nl (i) — an (i) A Uil gy + llez(uij) — o (i) A o @i v o
= tlog (ujj) — g (uij) A aa(ui)] + tloa(uij) — aq (uij) A az(ugj)]
= T(a1(ujj) + (a2 (uij) — 2T (a1 (ujj) A az(ujj))

since a1 (ujj) > aq(uij) A az(ujj) and the same for a;(u;j). Since %Z?,j:] ujj =1, this implies that

n

n
% Z lloeg (uij) — o2 (i llpim, oy <2 1— % Z T (o1 (uj) A oz (uij))
i,j=1 i,j=1
Since the tracial coupling was arbitrary, we obtain the desired inequality upon dividing by 2.

To show that Wy A (@1, 2) < Wh g (@1, ¢2), let ¢ € Ty (@1, ¢2). Let (Hy, p) be the GNS construction associated to
A®A and ¢. Let M =7y(A® A)” and let T be the vector state on B(H) given by 1. By Lemma 2.2, (M, ) is a tracial von
Neumann algebra. Let a1, @z : A — M be the inclusions of the first and second tensorands into A ® A composed with the
map 7y : A® A — M. Then (M, T, a1, a3) is a tracial coupling in the sense of Definition 1.1. Therefore,

n

1
WhHA(@1,92) <1 — - Z T (g (Uuij) A az(uij)).
i,j=1
Since a1(A) and ap(A) commute, aq () A az(uij) = a1 (U)o (ug). Thus,

n

1 1<
Wi (@1, p2) <1— -21 7 (o (ot (uy) = 1= — Z] o(uj; @ ujj).
L]= Lj=

Taking the infimum over ¢, we have Wy A (91, ¢2) < WH o(¢1, ¢2) as desired.
The inequality Wy g(¢1, ¢2) <1 is immediate because the cost operator Cy satisfies Cp <1. O

We can further compare the distances defined in this paper with the norm ||¢; — <p2||c(5n+)*, where C(S;7)* denotes the
dual space. This is motivated by the fact that Wasserstein distance is bounded by a constant time the total variation distance
for probability measures on a compact metric space. Recall that probability measures on a compact Hausdorff space X are
equivalent to states on C(X). The total variation distance of two probability measures is dry (i, V) = supacx{|n(A) —v(A)|}
where A ranges over Borel subsets of X, and this agrees with (1/2)|lt — v|l¢(x)«. Hence, for states ¢, @2 on a C*-algebra
A, the quantity (1/2)]|¢1 — @21l 4+ serves as an analog of the total variation distance.

Proposition 5.2. For ¢y, @2 € T(C(S;)), we have
1
Wi A(@1, 92) < §||<.01 - (02”("(5;')*-

Proof. We begin by recalling the analog of Jordan decomposition for tracial functionals. Suppose A is a C*-algebra and
@ € A* is self-adjoint (¢(a*) = @(a)) and tracial. By [51, Proposition 2.8], ¢ has a unique decomposition as ¢, — ¢_, where
@4 and @_ are positive and tracial with ||@| = ||¢+|| + |l¢—||. Furthermore, the proof gives the following description of ¢, .
For x, y € A4, write x ~ y if there exist elements (u;),cN in A such that

* *
X= Zunun, y= Zunun,

neN neN

where the sums are norm-convergent (see [51, p. 136]). Then for x € A4,

P+ (x) =sup{p(y): ¥, z€ Ay, y+z~x}
Q_(x)=sup{—@y):y,z€ Ay, y +z~x}.
Now suppose that ¢ = @1 — ¢ where ¢q, @, are tracial states on A (note that such a ¢ is automatically tracial and self-

adjoint). In this case, if y 4+ z ~ x, then
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oM =01(¥) —2(¥) =01 (¥Y) = 1(¥y +2) = 1(%).

Taking the supremum over such y, z, we obtain ¢4 (x) < ¢ (x). By symmetrical reasoning ¢_ < ¢,.
Hence, for tracial states 1, @2 on A, there exist tracial positive functionals ¢ and ¢_ with

P1—P2=¢+ — ¢, O+ =91,
lor — @2llax = @+l ax + o1l axs ¢— < @2,

and furthermore,

lo+llac — llo-llax = @+ (1) —@_(1) = ¢1(1) — ¢2(1) =0,

whence

1
lpsllas = l@-llax =S le1 = @2lia--

Now let us specialize to the case of A = C(S;]). Note that if ¢1 = ¢, then the claimed statement holds with both sides
being zero. Moreover, if |91 — @2 4« = 2, it is also immediate since Wy A (91, ¢2) <1 by Proposition 5.1. Hence, assume
without loss of generality that 0 < [|@1 — @21/« <2, so that 0 < ||@4 |4+ < 1. Let

V=01—¢1r=¢2—¢.

Let ¥ = ¢/||¥ | and define @, and @_ analogously. Thus, v, @, and @_ are tracial states on A. Let N = nW(A)”, My =
g, (A)’, and M_ =g _(A)” be the corresponding von Neumann algebras. Then let

M=N®M®M_), T=yD¥®e (1)@, RP).
Let o1, : A— M be given by
a1(a) =1y (a) & (g, (@) @ 1)
oz(a) =my(a) & (1® mg_(a).
Thus, (M, 7, o1, «) is a tracial coupling of ¢1 =¥ + ¢4+ and @ = ¢ + ¢_. Note that
o1 (uij) A az(uij) = 1wy (uij) @ 0.
Hence,

1< Iy v Ly
1= = 7 Ty Ava(ug) < 1— = 3wy =1-= > ¥()
ij=1 hi=1 -
1
=19 (M) = (D) = 5 lP1 — G2l csy

which proves the asserted inequality. O

Every probability measure on S, gives rise to a state on C(S) and hence a state on C(S;") via the quotient map ¢ from
Theorem 2.14. We will now show that the non-commutative Wasserstein distance Wy A (@1, ¢2) agrees with the classical
L' Wasserstein distance of s and py with respect to the normalized Hamming distance. To prove this, we must extract
tracial couplings of the states from classical couplings of the measures and vice versa. To obtain a classical coupling from a
tracial coupling a von Neumann algebra M that is not necessarily commutative, we use the trick of separating the left and
right multiplication as in [28, Theorem 1.5], closely related to Connes’ joint distribution trick.

Proposition 5.3. Let (41 and (1 € P(Sn), and let @1, @ be the corresponding traces on C(S;) given by

</’j(a)=/9(a)dlij-

Sn
Let W be the classical L'-Wasserstein distance on P(S,) associated to the normalized Hamming distance dy on S,. Then
Wh (@1, 92) = Wh A (@1, 92) = Wh o (@1, 02) = W1(l1, U2).
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Proof. By Proposition 5.1, it suffices to show that

Wi o (@1, 92) < W11, u2)

and

W11, u2) < Wy 1(@1, 92).

For the first claim, suppose that p is a classical coupling of w1 and pa. Let ¢ € T(C(S§) ® C(S;7)) be the state given by
@) = fSnxSn (@ ®6)(@a)du. Then p(a ® 1) = ¢1(a) and symmetrically for ¢,. We also have that

_l n
9(Cy) = / 1= 2 D 0w ®0wy) | du= / dp dpa.
SuxSn ij=1 SpxSn
Since p was arbitrary, Wy & (@1, ¢2) < W1(it1, 2) which completes the proof.
For the second claim, consider a tracial coupling (M, 7, o1, ®2) of @1 and ¢,. In order to extract a classical coupling
from this, we will first reinterpret (M, T, a1, a2) as a tracial coupling of states on the commutative C(Sy). Let ¢; be the

state on C(Sp) given by the measure u;, so that ¢; = @; o 6. Note that the image «;(C(S;)) is *-isomorphic to image of the
GNS representation JT%(C(STT)) using Lemma 2.1 (3) and the faithfulness of t, and the state Tlai(C(S,',*')) corresponds to ;.

Moreover, by Lemma 2.1 (2),  passes to an isomorphism from 7y, (C(S;)) to 75,(C(Sp)) which also preserves the given
states. Hence, «;(C(S;1)) is isomorphic to 75, (C(Sn)), which implies that the map «; factors through C(Sp), or oj =@ 06
for some x-homomorphism «; : C(S;) — M; moreover, ¢; = T o «;. Therefore, (M, T, a1, o) is a tracial coupling of ¢; and
@2-

Next, we construct a classical coupling out of (M, T, @1, &2). Recall from §2.2.1 that the left and right multiplication rep-
resentations A : M — B(L?(M, 1)) and p : M°® — B(L?(M, 7)) commute. Hence, A o&; and p o @ are commuting represen-
tations of C(S;) and C(s;’P) on L2(M, 7), and of course C(S,)°P = C(S,) since C(S,) is commutative. Thus, (Loo1) ® (poy)
gives a s-representation of C(S,) ® C(Sy) on L?(M, 7). Let @ be the state on C(S,) ® C(S;) given by

P00 = Ty, (ko) ® (0 0 02) X Tm) 2.1

and let i be the measure on S, x S, corresponding to the state @. Note that given a, b € C(S,),

o~ -~ o~ —

P@®b) =1, rar(@)p(az(b)1) = (1, a1 (@) 12 (b)) = T (@1 (@) a2 (b)).

In particular, for a € C(Sy),

[ avrdn=gasn =@ =7@= [adu,
SnxSn Sn

which shows that the first marginal of © is wq, and symmetrically the second marginal is u,. Hence, u is a classical

coupling of (1, 1t2).
The cost of the classical coupling w is given by

1 1<
/ dy(o,0)dpu=1- - Z@(Q(uzj) ®6Uuij)=1~- - "21 T (01 (B (uij))o2(0(uif)))
SpxSn L L=

1
—1— - Z T (a1 (uij) oz (Uif))

ij=1

1< /1 1
== Z (5T(011(Uij)) + ET(WZ(UU) —T( (uij)az(uij)))

i,j=1

11 )
= D Sl i) = iplifz gy o
i,j=1
Since a1 (ujj) and a2 (ujj) are nonnegative operators, the Powers-Stermer inequality shows that
2 2 2
lloer (uij) — @2 (Uip 172y 7y = oo (Wif)® — a2 (Wip)“ll v ) = llea (i) — 2 i)l 7).

and therefore
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11
W1, i) < f du(0, 0" dp < — 3 —llen (i) — ea (il z)-
SuxSn i,j=1
Since the tracial coupling (M, T, o1, &) was arbitrary, we obtain the asserted inequality. O
The next proposition characterizes when each of the distances studied here achieves the maximum value of 1. Condition
(4) below means that the two states are supported on disjoint sets of entries of the canonical unitary U = [u;;], namely
{(, ) : @1(ujj) > 0} and {(i, j) : @2(ujj) > 0} are disjoint. For instance, if ¢; was induced by a measure (; on the classical

permutation group as in Proposition 5.3, this would mean that each o7 € supp(it1) and o, € supp(u;) are supported in
disjoint sets of indices, or (71_102 has no fixed points.

Proposition 5.4. Let 1, @2 € T(C(S;)). Then the following are equivalent:

(1) Wi (g1, 92) =1.
(2) W A(p1,902) =1.
(3) Wh.e(p1,902)=1.
(4) 33 j=1 1 (Ui @2 (uij) = 0.

Proof. (1) = (2) = (3) is immediate from Proposition 5.1.
(3) = (4), note that ¢ ® ¢ is a tracial tensor coupling of ¢1, ¢, and hence

_1 n
Wi @1 ¢2) <1- - ”21 @1 (uij) @2 (uij).
i,j=
So if Wy g(p1,92) =1, then szzl ©1(Uij) @2 (i) =0.

For (4) = (1), assume (4). Let (M, T, a1, a2) be a tracial coupling of (g1, ¢2). For every i, j, either ¢;(u;) =0 or
@2(uij) = 0. Thus, either (o (uij)) =0 or T(a2(ujj)) =0, and hence either o1 (u;j) =0 or az(u;;) = 0. Therefore,

lloex (i) — o2 i 1 v oy = Nloer @i g o o) + o i 12 ) = Tl (i) + T (o2 ().

Hence,

11 1 &
= Sllen ) —eo@iplipane =5 D [T + (@) =1,
i,j=1 i,j=1

and since (M, t, o1, o) was arbitrary, (1) holds. O
5.2. Lipschitz seminorms induced by quantum Wasserstein distances
Recall that a Wasserstein distance on the trace space always induces a corresponding Lipschitz norm on the C*-algebra.

A minimal requirement for a reasonable definition is that the space of Lipschitz elements should be dense in the C*-algebra,
so we now verify this property for Wy , and Wy 1.

Proposition 5.5. For all indices iy, j1, ..., i¢, j¢ € [n], we have

llui, jy "'uf/z]'/z”Lip(WHvA) < iyjy -« Uigjio lLipowy 1) < 20¢.

In particular, the x-algebra generated by the u;;’s is contained in the domains of the Lipschitz seminorms associated to Wy A and
Wh.1.

Proof. The first inequality follows because Wy 1 < Wy .. For the second inequality, let @1, @2 € T(C(S7)), and let
(M, T, 01, az) be a tracial coupling. Then using the triangle inequality and non-commutative Holder’s inequality,

lo1 Wiy jy - Uigj) — @2(Uijp - Uigj ) ST Wiy -0 Uigjp) — @2 (Ui iy - Uiy ji))]
¢
< ZIIOH Wiy g - Ujpq ) (001 (U, i) — o2 (Ui j,))
=1

a2(uir+1jr+1 . uizjg)“Ll(M,r)
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L
<> e (i) — 2 Wigj) I )
t=1

<! n‘ll x|[le (wij) — o2 i llpm o

n

1 1
<one. > 5 llon i) — e wipllyu,o)-
i,j=1

Taking the infimum over the coupling (M, T, o1, a2) shows that

lo1 (Wi jy - Uigj,) — @2(Uig -« Uigj )| < 2n€Wy 1 (@1, 2),

which is the desired bound for the Lipschitz norm. O

5.3. Further questions

We hope that the different distances defined in this paper and these properties are the beginning of further investiga-
tions. In particular, we propose the following questions.

Question 5.6 (Duality for Wasserstein distances and Lipschitz seminorms). Do the distances Wy , and Wy 1 defined in this
paper satisfy the duality d(¢. ¥) = sup{l¢(x) — ¥ (®)| : [Ixllip < 1)?

Question 5.7 (Topologies on T (C(S;7))). We now know of at least four topologies on 7 (C(S5;)):

(1) the weak-* topology,

(2) the topology generated by W 1,

(3) the topology generated by Wy A,

(4) the topology generated by the total variation distance, i.e. the restriction of the norm topology of C(S;")*.

Each topology in this list is at least as strong as the ones above it, thanks to Propositions 3.10, 5.1, and 5.2. We do not
yet know if all these topologies are distinct, but this is quite plausible. For instance, based on [32, §5.5], we expect that
the Wy 1 would generate a stronger topology than the weak-* topology. Moreover, since projections py can converge to p
without py A p converging p, we expect that Wy » is much stronger than Wy 1. The computation of Wy » may also lead to
interesting combinatorial problems about how to arrange non-commuting projections in a way that maximizes the pairwise
intersections.

Question 5.8 (Behavior under iterated convolution). For any faithful state on C(S;), the repeated convolution ¢** converges in
the weak-# topology as k — oo to the Haar state h. Under what conditions does ¢** converge to h with respect to Why,1 or
Wh A. Can we describe the limit of @** when ¢ is not faithful, and determine whether convergence occurs with respect to
the metrics in this paper? Another related question is how the metrics behave with respect to the convolution semigroups
studied in [23]. We remark that convergence in total variation distance for various convolution semigroups of states has
been shown in [52,53], though these states are not tracial.

Question 5.9 (Extreme traces on C(S;")). The study of Wy ¢ raises many questions about extreme points in the trace space
T(C(S;)). In particular, can we classify the extreme points that arise from finite-dimensional representations of C(S;)?
How does the trace space relate to corepresentations of S;}? Is 7(C(S;)) a Poulsen simplex?

Question 5.10 (Projection of extreme traces onto Birkhoff polytope). Let B, = {A € Mp(R) : Ajj €[0,1],); Ajj =1, Zj Ajj =1} be
the Birkhoff polytope of doubly stochastic matrices. Consider the map w : 3,7 (C(S;"))) — By by sending ¢ to [(ﬂ(ul'j)]?,j:l.
Under what conditions does w(¢) = w(¥)? Are there natural sets on which w is injective?
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