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Abstract

We prove the existence of unique global weak solutions to equations describing the
sediment flow in the evolution of fluvial land surfaces, with constant water depth. These
equations describe the so-called transport-limited situation, where all the sediment
can be transported away given enough water. This is in distinction to the detachment-
limited situation where we must wait for rock to weather (to sediment) before it can
be transported away. Earlier work shows that these equations describe the optimal
transport of sediment and the evolution of the surfaces in optimal transport theory.
The existence theory is also extended to include diffusion in the water and the land
surfaces.

Keywords Erosion - Calculus of Variations - Nonlinear Parabolic Equations - De
Giorgi Minimizing Movement Scheme

Mathematics Subject Classification 49J20 - 35G20 - 35KS55

1 Introduction

Water flow is a fundamental force in landscape evolution. In fluvial landscapes, erosion
by water plays a foundational role in the emergence of valleys and mountains and in
the formation of the fine structure of the surface. In a series of papers [1-3], Birnir,
Merchant and Smith developed a mathematical model for transport-limited erosion,
see [21], based on the work of Smith and Breatherton [37] and going back to Horton
[5]. The first two papers are computational but in the third paper [3] the initial value
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problem is clarified and the scaling structure of solutions is found. The scaling turns
out to be Hack’s law [4], which describes the shape of river basins. All historically-
known scaling properties of land surfaces and river networks [5] can be derived from
Hack’s law. In [3] the theory is shown to reproduce observable properties from digital
elevation models for desert environments.

In [7], Birnir, Herndndez, and Smith develop a mathematical model which views
transport-limited erosion as a sequence of processes driven by different types of noise.
They are also able to prove existence of an invariant measure for each process, thereby
permitting computation of all the relevant statistical quantities. This was accomplished
by linearizing the equations about the surfaces computed in [3]. The statistical phases
are identified depending on the age of the surfaces, channelizing surfaces, young
(adolecent) surfaces and mature surfaces. The scalings are different in each phase but
in the last mature face (that is commonly called the landscape) Hack’s law emerges.

Detachment limited erosion, where limiting factors on sediment transport include
the resistance of the bedrock and shear stress from the water flux, was studied by
Izumi and Parker [23-25] and Izumi and Fujii [22]. Binard, Degond, and Noble in
[6] added a diffusion term for the soil to their model of the time evolution of the
bottom topography. This term is chosen to be small in comparison with the erosion
and sedimentation terms and plays an important role in the well-posedness of their
model. In particular, they examine mechanisms for pattern formation by investigating
the spectral stability of constant state solutions. In contrast to our approach, they begin
with model equations which include a term describing the diffusion term for the soil.
Their model does not factor in stochastic terms.

The model equations developed by Birnir et al. in their study of erosion are highly
nonlinear. The initial value problem stated in [3] is unstable and this made the numerical
integration of the equation impossible until new methods were found in [1, 2]. The
theoretical work then led to the development of better numerical methods in [9].
However, the integration is still too slow and an existence theory may lead to faster
numerical methods. Building on the theoretical insights, Birnir and Rowlett initiated
the full nonlinear analysis of these equations by showing existence and uniqueness of
entropy solutions for initial integrable data. In addition, Birnir and Rowlett identified a
class of solutions which implements the optimal transportation of sediment [8]. These
are the scaling solutions in the mature phase of the landscape evolution that give rise
to Hack’s law [7]. They also showed that if weak solutions exist, then they are unique.

To obtain solvability for these model equations, we initiate a development of exis-
tence theorems for second order nonlinear parabolic equations in divergence form for
these erosion models. Solvability for second order linear elliptic equations in diver-
gence form was studied by Trudinger in [40]. Via intermediate Schauder estimates,
Gilbarg and Hérmander demonstrated existence, uniqueness, and regularity theorems
for solutions of second order linear elliptic initial-boundary value problems [20], while
Lieberman developed a parabolic analog of their results [28]. Examples by Dong and
Kim [18], Krylov [27], Maugeri et al. [29], Meyers [30], Nadirashvili [31], Piccinini
and Spagnolo [33], Talenti [39], and Ural‘ceva [41] imply a general solvability the-
ory for uniformly elliptic operators with bounded and measurable coefficients may not
exist, thereby motivating consideration of particular types of discontinuous coefficients
[17]. In particular, L, solvability theorems have been demonstrated for discontinu-
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ous coefficients which belong to the class of vanishing mean oscillations (VMO).
For second order equations with VMO leading coefficients, results were obtained by
Chiarenza, Frasca, and Longo for nondivergence elliptic equations [15], and estab-
lished by Bramante and Cerruti for linear parabolic operators with symmetric and
uniformly elliptic principal part [13]. Ragusa studied divergence form elliptic equa-
tions that are also quasilinear and obtained existence, uniqueness, and regularity results
when the coefficients of the principal part are in VMO and the remaining terms satisfy
some linear growth conditions [35]. Ragusa likewise obtained existence, uniqueness,
and regularity results for the solution of a Cauchy-Dirichlet problem associated with
a nondivergence form parabolic equation with VMO coefficients [34]. In the case
when the coefficients are in VMO with respect to the space variables and are merely
measurable in the time variable, Krylov gave a unified approach for both divergence
and nondivergence form linear elliptic and parabolic equations in the whole space in
[26]. In the absence of a VMO condition on the coefficients, Bonafede has achieved
existence theorems for nonlinear elliptic equations in divergence form with discontin-
uous coefficients [11, 12]. To develop existence theorems in the context of nonlinear
parabolic equations, we extend minimizing movement schemes in the sense of de
Giorgi beyond the Lebesgue measure setting (see Sect 3).

Fundamental scaling laws such as Hack’s Law are known to characterize fluvial land
surfaces, see [3]. The theory presented by Birnir et al. in [7] associates a spatial rough-
ness scaling exponent to each process shaping the formation of general landscapes. In
their analysis, they suggest the associated spatial roughness scaling exponents should
lie in a neighborhood of 0.5 and 0.7, and that this exponent should grow to 0.75
for older landscapes. This was confirmed numerically using the improved numerical
methods in [9]. In fact, our existence theory enables us to conclude that this bound on
the roughness of a maturing landscape is sharp (see Corollaries 3.20 and 3.21) .

2 The Mathematical model of a transport-limited erosion process

In their mathematical study of transport-limited erosion, Birnir and Rowlett [8] model
a mountain ridge defined over a rectangular domain of length L and width W, see [3],
by setting

Q={(x,y) eR*:0<x<W,0,<y<L}

As in their work, let H = z 4 h denote the height of the water surface and 4 the water
depth. z is the height of the land surface.The conditions on the lateral boundaries of
the ridge at y = O and y = L are taken to be periodic so that the linear ridge modeled
is of infinite extent. The top of the ridge, located at x = 0, corresponds to a water
depth of zero and the base of the ridge, located at x = W, to an absorbing body of
water. These assumptions are encoded in the following boundary conditions:

IVH(O, y, HI> (0, '3 VH(, y,1) - n =0,
h(x,0) = h(x, L),
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H(x,0,1) = H(x,L,1),
H(W,y,t) =0. (1

The first one of these conditions says that there is no sediment flow over the top of the
ridge and the last one that the sediment is absorbed by a river or a lake at the lower
boundary, at x = W. The initial conditions for the sediment are taken to be a flat ridge
sloping in the x direction with some slope c (grade) of the ridge,

Ho(x,v)=Hx,y,0)=c(W —-x), 0<x<W,0,<y<L.

Based on numerical evidence, see Fig 2, and the discussion below, a statistically
stationary water depth is also assumed to exist. The water flow and the sediment flow
in their respective models, see [1, 8], each have different time scales. The sediment
flow is associated with a larger time scale and is described by

oH

- =V [VH|VH|>h'%3]. )
The water depth & is viewed as a non-negative quantity which does not depend on
time. More precisely,

h>0,h>0aeonS, h ' ecL(S), he L¥(), (3)

where § C 2 is a piecewise smooth domain contained in 2.

The reasons for the choice of the water depth / are the following. The timescales
for a significant amount of water to flow and a similar amount of sediment to flow
are very different. The water time scale is much faster and this requires that in the
numerical integrations many time steps are integrated for the water equations, see [3]
and [9], for each integration of the sediment equations. In fact, one allows the water
surface to settle down to an equilibrium surface A (x, y) before taking one step in the
sediment flow. The existence of the solutions of the water equations in [3] follows
from the theory of hyperbolic conservation laws. The reason is that the water flows
down the gradient of the sediment surface and the equations become one-dimensional.
They are integrated and analyzed in Welsh, Birnir and Bertozzi [10]. The solutions are
not smooth but contain shocks, carving out the mountain slopes, as well as hydrolic
jumps at the base. Thus one can only assume that the equilibrium water surface 4 is a
measurable function in the appropriate function space.

Birnir and Rowlett show that weak solutions, when they exist, are unique in L% In
this paper, we continue development of the mathematical analysis of these equations
by proving existence of weak solutions. Our main result is given in the following
theorem.

in (3). Then, for any Hy € sz (R2), there exists a unique weak solution, see Sect. 3.1,

H e L2([0, 00); W, * () 10 the model eq (2) for the sediment on [0, 00) x 2 and
satisfying the initial and boundary conditions (1).

Theorem 2.1 Let h(x, y) be a §iven function which satisfies the conditions described



Existence Theorems for PDEs Modeling... Page50f31 107

=g iy
[m] - [S]

Height (meters)

o

100

100
Width (meters)

Length {meters)

0 o

Fig. 1 A typical surface Water Surface at 60% eroded, from [9]

3 Existence of a gradient flow on a weighted sobolev space

Birnir and Rowlett show the existence of entropy solutions for eq (2) by developing
their mathematical model in the setting of the weighted Sobolev space,

9 9
WA(Q) = {u e L*(9) such that h5/68—” € L*(S) and h5/68—” c L4(S)}
x y

equipped with the weighted Sobolev norm

1/4
”u”W;A(Q) = <,/Q(|u|4 + |Vu|4h10/3) dx) B

and the functional
v 4
K () ;=/ Vul® o3 4. (4)
o 4

Throughout this paper, dx denotes integration with respect to the standard Lebesgue
measure on R%. Note that 7 = 1 corresponds to the usual Sobolev space W!4()
and that functional (4) gives rise to the gradient flow of eq (2) with respect to the
L? Euclidean structure. For our work on transport-limited erosion and gradient flows,
we simplify the presentation of our estimates by working instead with the weighted
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Fig.2 The depth of water & over the surface in Fig. 1, from [9]

Banach space,
WA Q) = [u € L}105(82) such that h5/6a e L*(S) and h5/6gy c L“(S)}
equipped with the norm
Il sy = (fgaur* + |W|“>hw/3dx)]/4
We shall also work with the weighted L? space,
L} (@) = {u e L(S) such that - “ue LZ(S)}

where 7 is a fixed positive real number. We will demonstrate by construction the
existence of weak solutions to eq (2). More precisely, our solutions satisfy the following
conditions.
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Definition 3.1 ([8]) Given i which satisfies (3), assume further that 4 is continuous
on £\ ~~1(0) and that ~1(0) is a finite union of piecewise smooth curves. Then a
weak solution of (2) on (0, 7) with initial condition Hy € W,"*(£2) is

H e W, (0,7 %)
which satisfies

H = Hpa.e.on £, t=0;
oH 10/3 2
(Eqﬁ—i—h IVHOPVH() - V¢) dx =0, 1€(0,T):
Q

forall ¢ € C°(Q2\ h=1(0)).

Remark 3.2 Since the mountain ridges are modeled by a finite union of piecewise
smooth curves, 2~ (0) corresponds to the top of the ridges. The sediment flow at the
top of the ridge is assumed to be discontinuous because sediment flows down either
side of the ridge. Based on such physical considerations, it makes sense to solve the
equation away from 2~ ! (0) and use test functions with compact supportin 2\ 2~ (0).

Subspaces of W;A(Q) where the boundary conditions (1) are satisfied support a
Poincaré inequality. This property will be useful for upper bound estimates.

Lemma 3.3 Let h be a given function which satisfies the conditions described in (3).
Ifu e Whl’4(S2) satisfies the boundary conditions (1), then there exists Cp, > 0 such
that

||M||L2|0/3(Q) = Ch||vu||L2]0/3(Q)~ ©)
Proof Since u vanishes when x = W,

W ou
U, 3, Dl = luCx, v, 1) = u(W, y,0)] < | B—dxl\
X X1

<[ Ll

- /L/Wh—5/6h5/6 ’37"
“Jo Jo dx1
- (/gz(h_5/6)4/3>3/4</9 )hS/saaT?l

1/4
< C;l([Q|Vu|4h10/3dx) /

dx

4dx>1/4

for some constant C ,/1 > 0, hence

[P ax < 1w [t [ iurtn as
Q Q Q
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10/3
< |15 <C,;)4|9|/Q|Vu|4h‘°/3dx.

Therefore, inequality (5) holds for C;, > 1 + ||A] |§<€6C,; 1Q|1/4. O
Remark 3.4 Lemma 3.3 will allow us to consider only the gradient norm when working
with functions in W,: ’4(52) which satisfy the boundary conditions (1).

Our construction of a weak solution to eq (2) is based on a Minimizing Movement
Scheme in the sense of De Giorgi (see [36] for an exposition) and will rely on the
existence of minimizers for the functional K. Techniques from direct methods in the
calculus of variations will be used to obtain existence of a sequence of minimizers
which each belong to VT/hl ’4(52).

In Proposition 3.15, we perturb the integrand of the functional K by a function
in L% e (£2) and obtain the existence of a minimizer which satisfies our boundary
conditions (1). Our proof of this result requires that our function spaces possess some
compactness properties.

Proposition 3.5 (Kakutani, Theorem 3.17 from [14]) Let E be a Banach space. Then
E is reflexive if and only if Bg := {x € E : ||x||g < 1} is weakly compact.

Since B is convex, this set is also weakly closed. In the Banach space setting, the
Eberlein-Smulian Theorem gives that a weakly closed set is weakly compact if and
only if the set is weakly sequentially compact [16]. Consequently, a Banach space is
reflexive if and only if its unit ball is weakly sequentially compact. In particular,

Proposition 3.6 (Theorems 3.18 and 3.19 from [14]) Assume that E is a Banach
space. Then E is reflexive if and only if every bounded sequence in E admits a weakly
convergent subsequence.

Lemma3.7 Let h be a given function which satisfies the conditions described in (3).
Then Wh1 ’4(52) is a reflexive Banach space.

Proof Recall that W!#(Q) is a reflexive Sobolev space. By Proposition 3.6, every
bounded sequence in W!*#(€2) admits a weakly convergent subsequence. To show

that | - |ly1.4g is equivalent to || - [| 1.4 o, on W, (), note that if u € W,"*(Q),
h
then
_ —10/3
Nl e on = [ Qui* + 1VuHr'Br=1983 ax 3)<in)i ™ | (uf* + V)13 ax
WhH4(Q) Q Q
—10/3
< il Il ) < 00
h

Application of (3) also gives

f(|u|4+|vm4>h‘°/3dx < ||h||é8/3/(|u|4+|Vu|4)dx.
Q Q



Existence Theorems for PDEs Modeling... Page9of31 107

Together, both sets of bounds imply

—10/3
o7 15715 gy < Iy < (1 IIRIISS

—_— Ml
1+ [1hlloo W™ (€

As a consequence, every sequence which is bounded in VT/hl’4(§2) is also bounded in

W14(€) and so admits a weakly convergent subsequence. In particular, W,}"‘(Q) isa
reflexive Banach space. O

The proof of Lemma 3.7 also gives a basis for the following level of equivalence
between W,"*() and W, *(Q).

Lemma 3.8 Let h be a given function which satisfies the conditions described in (3).
Then the norms || - || =14, and || - ||,,1.4,o, are equivalent on functions in W1’4(Q)
W, () W, (@) h

which satisfy boundary conditions (1).

Proof By the proof of Lemma 3.7, there exist constants Cy, Cj, such that for every
1,4
ue W, (),

Cillulgas gy < Nl g < Callulgia g
a

Many of our arguments will take place in the setting of the following Banach space.

Lemma 3.9 Let h be a glven functlon which satisfies the conditions described in (3).
Then for fixed T > 0, Wh (Q) N L 1/t (R2) is a reflexive Banach space.

Proof By Lemma 3.7, W;A(Q) is a reflexive Banach space. Since every closed linear

subspace of areflexive Banach space is also areflexive Banach space ([14], Proposition
3.20), W}} ’4(9) N L%/r (€2) is a reflexive Banach space. O

3.1 Minimizing sequences in W})"'(Q)
Minimizing sequences, convex functions, and reflexive Banach spaces like W,ll"L(Q)
play an important role in direct methods in the calculus of variations. To define a
minimizing sequence in M C Wh1 ’4(52) for K, let
o = inf K(u).
ueM
Then (4;) C M is called a minimizing sequence in M for K if

K(u;) > «a, asi — oo.

Now let
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Vi=f{ue W Q) ux,0,1) = ux, L, 1), u(W,y,1) =0,
IVu(0, y, ) (0, ») ' Vu(0, y, 1) - n = 0},
Vei={ue Wi (@) N LY () tu(x,0.0) = u(x, L.0), u(W, y,1) =0,
IVu(0, y, )1* k(0. »)'* Vu(0, y, 1) -n =0},

and K be a functional on W}}A(Q).
Under suitable conditions, properties of convex functions can be leveraged to obtain
functionals on W,: ’4(52) N L% /T (£2) which exhibit the following property.

Definition 3.10 ([19, 38]) Let X be a topological space. Then J : X — R U {oo} is
called sequentially weakly lower semicontinuous if J is weakly lower semicontin-
uous and for any x € X, any sequence (x;) in X such that x; —~x weakly in X,

J(x) <lim inf J(x;).
1—> 00

Note that a sequentially lower semicontinuous function achieves its infimum on X if
X is a sequentially compact topological space. If K is nonnegative on W,:’4(Q), the

infimum on W,} ’4(52), aswellasonany M C W,} ’4(52), is always finite. In particular,
K achieves its infimum on M if K is weakly lower semicontinous and M is weakly
compact. When K is also sequentially weakly lower semicontinuous, then a weakly
convergent subsequence can be extracted from any minimizing sequence in M for K.

A function in W}: ‘4((0, T); ) will be built from a sequence of functions in
VAV}}A(SZ) (see Sect 3.2). Each function in this sequence arises as the minimizer of
a functional on V; which varies from K by a parameter (see Proposition 3.15). The
existence of each such minimizer relies on the fact (which is demonstrated below) that

AW .
BVT/;A(Q)HL%/T(Q) C W, () is weakly compact for each T > 0.

Lemma 3.11 Let h be a given function which satisfies the conditions described in (3)
and t > 0. Then V7 is closed and convex. In particular, every bounded sequence in
Vi admits a weakly convergent subsequence.

Proof In infinite dimensional Banach spaces, closed and convex sets are also weakly
closed. To see that V. is convex, suppose that « and u are in V;. Choose « in (0, 1).
Then

auy + (1 —a)uy € Wy (@) N LY (),
auy(x,0,1) + (1 —a)uz(x,0,t) = aui(x, L, 1) + (1 — a)uz(x, L, 1),
aut(W,y,t) + (1 —a)ua(W, y,t) = 0.

Observe that |V (0, y, 1)|? h(0, y)'%/3 is a scalar. In particular, the boundary condi-

tions imply that |Vu1(0, y, £)|> h(0, y)'%3 = 0 or Vu;(0, y, 1) - n = 0. Since similar
reasoning can be applied to u»,

IV (au1 (0, y, 1) + (1 — )uz (0, y, 0)[> h(0, »)'3V(@u; 0, y, 1) + (1 — @)uz(0, y, 1)) - n
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= (IV(au1 (0, y, 1) + (1 — )uz(0, y, )[* h(0, »)'*Pa)(Vu1 (0, y, 1) - n)

+ (IV(aur (0, y, 1) + (1 — a)uz(0, y, )*h(0, )7 (1 — @) (Vuz(0, y, 1) - n)
=0.

Therefore, V7 is weakly closed. Note that every sequence which is bounded in V7 is
also bounded in W,*(2) N L}, (). Since W, *(2) N L}, (%) is reflexive (Lemma
3.9), Proposition 3.6 gives that a weakly convergent subsequence can be extracted
from every bounded sequence in V;. Because V; is weakly closed, the weak limit of
such a sequence must be also in V. O

Note that V; C V for every 7 > 0. Sequences in V' which are bounded in gradient
norm are also bounded in W}: ’4(52) by Lemma 3.3. In fact, the following equivalence
holds:

Lemma3.12 Leth be a §iven function which satisfies the conditions described in (3)

andt > 0. Foru € Whl’ (2),

llull = Vullga (€2).
W/;"‘(Q) Lioss

Then || - || is equivalent to || - on V;.

[| 1.4
@) W, ()

Proof Forevery u € V; C V, Lemma 3.3 yields C;, > 0 such that

flull « < ullgra g < (4 Cp)llu| .
W}}A(Q) W, () Whl’4(§2)

O

To demonstrate that K has a minimizer in V, we also work with the density
F:Q xR xR"— R given by

lq*

F(x, p,q) = =~ Th(0)]0F.

Then
4
K(u):/ Mh(x)m/3dx=/ F(x, u(x), Vu(x)) dx.
Q 4 Q

This reframing of our functional is useful for the proof of the following lemma, as
well as for other results in Sect 3.2.

Lemma 3.13 Let h be a given function which satisfies the conditions described in (3).
Then K is sequentially weakly lower semicontinuous.
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Proof Take any A € R. Then
My, ={veV:K <A}

is convex and strongly closed, hence weakly closed. In particular, K is weakly lower
semicontinuous. To see that K is also sequentially weakly lower semicontinuous,
observe that (p, g) — F(x, p, g) can be viewed as convex for all p € R and almost
every x € Q. Therefore for every v;—vin V,

F(x,vi,Vv) = F(x,v, Vv) + Fp(x, v, Vu)(v; —v) + (F;(x, v, Vv), Vv; — V).

To obtain a bound on (Fy (x, v, Vv), Vv; — Vv), we use Holder’s inequality,

/(Fq(x,v,Vv),Vvi — Vo)dx < (/ |Vv|4h10/3dx)3/4(/ IV, — Vo[*r103gx)1/4
Q Q Q

3/4 1/4
=Pl ol
TAM(9)) Wi @)

Because Fj(x, v, Vv) =0 and Vy;—Vv in L*(), K (v;) > K (v). Thus
K (v) <lim inf K(v;),
11— 0

as desired. O

In Sect 3.2, a minimizer for K in V will be built from a sequence of functions in V
which each minimize

IVu@)|* o, u@) —uox))?
Hfg[—4 e [

in V; for some fixed t > Oand up € V. Let F* : Q@ x R x R" — R be given by

1pI?
F'(x, p,q)=F(x,p,q)+7.

For the next lemma, we show that
K™ (u) := / F¥(x,u(x), Vu(x))dx,
Q

is sequentially lower semicontinuous.

Lemma 3.14 Let h be a given function which satisfies the conditions described in (3)
and t > 0. Then K7 is sequentially weakly lower semicontinuous.
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Proof Take any A € R. Then

M, ={veV,:K"'(v) <A}
is convex and strongly closed, hence weakly closed. In particular, K7 is weakly lower
semicontinuous. To see that K is also sequentially weakly lower semicontinuous,

observe that (p, g) — FT*(x, p, g) can be viewed as convex for all p € R and almost
every x € . Therefore for every v;—v in V¢,

F¥(x,v;, Vv;) > F¥(x,v, Vv) + F;(x, v, Vu)(v; —v) + (qu(x, v, Vv), Vu; — V).

We get the same bound on (Fq’ (x, v, Vv), Vv; — Vv) as above, namely,

/<F;(x, v, V), Vo; — Voydx < I}t qlw ol
Q W@ W@

by Holder’s inequality. The inequality

1 1 10/3
0= F'(x.p.g) <1+ —Ipl’ + Z||h||oo/ lq|*

implies that there exist C3, C4 > 0 such that
2 2
/qu;(x, v, Vo) dx < C3/Q(1 + o) dx < G+ 1vllg2 (q)) < 0.

Because v;—v and Vv;— Vv in L2() N L*(R), K™ (v;) > K (v). Thus
K™ (v) <lim inf K*(v;),
11— 0

as desired. O

Proposition 3.15 Let h be a given function which satisfies the conditions described in
(3). Then for fixed t > 0 and uy € V, the minimization problem

. 2
[w(x) —ug(x)] ]dx ©)

U € argming,y. / [F(X, w(x), Vw(x)) +
Q 2t

admits a solution in W; ’4(52) which satisfies the boundary conditions given in (1).

Proof This minimization problem (6) is equivalent to the existence of a minimizer in
V; for

Kj(w) := /QFT(x, w(x) —ug(x), Vw(x)) dx.
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Note that arguments similar to those as in the proof of Lemma 3.14 can also be used to
show that this functional is sequentNiallgl weakly lower semicontinuous if w —ug € V;
for any w € V;. Sinceug € V C W,:’ (RQ),h € L*®(), and T > 0 is fixed,

1 1 1/2 1/2
/ Zluol dx < —(f luo|*n10/3 dx) (/ p=10/3 dx)
QT T Q Q

1 2 —10/3.1/2
< ZlluollG 1. (i ™' < oo.

In particular, ug € L%/T (2), as is w — ug for any w € V;. Now take any minimizing
sequence (w;) for K, in a closed ball B in V;, with initial value uq. This sequence
admits a subsequence which weakly converges to some w € V. Because K is
nonnegative and sequentially weakly lower semicontinuous,

0 < KJ(w) <lim inf K(w;).
11— 00

As every function in V7 is in W}} ’4(52) and satisfies the boundary conditions given in
(1), the desired minimizer for K exists. O

3.2 A De Giorgi minimizing movement scheme

In [36], Santambrogio describes how a Cauchy problem can be extended to the metric
(and hence the Wasserstein) setting. The solution of the Cauchy problem involves
De Giorgi Minimizing Movement Schemes. To build a function in W,j"‘((o, T); Q)
which is a weak solution to (2) and satisfies the Cauchy problem (2) and the boundary
conditions (1), we extend De Giorgi Minimizing Movement Schemes to the weighted
Sobolev space setting. We begin by obtaining a sequence of functions in W2’4(Q)
and constructing an interpolation between these functions. We facilitate the study of
our functionals in this gradient flow framework by now viewing our density F in the
formulation of K : VT/hlA(Q) — R as

4
K(u):/ Mh(x)“’“dx :=/ F(Vu(x, 1)) dx.
Q 4 Q

Proposition 3.16 Choose T > 0 and partition [0, T] into time steps of size T > 0.
For k =0, take u(f)(x, to) € V. For each positive integer k, there exists a solution to

B 4 2
[w(x, (k+1)7) —uy (x, k)| ]dx.

. (N

Uiy € argmin,.y. / [F(Vw(x, k+ D7) +
Q
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Furthermore,

00 > ||uf (x, t0)|[%, =/ F(Vug(x, to)) dx Z/ F(Vuj(x, 1)) dx >
Wit /e Q

z/ F(Vuy(x,kt))dx
Q

> [ PO L Do = 0 ®)
Q

and each u; | at some fixed t € [0, T] satisfies

Upp — U _ SF(Vw)
T Sw

i 1=V [Vup, [Vup, 1’1 for ae x. (9)

Proof For k = 0, Proposition 3.15 gives the existence of a solution u, to minimization
problem (7) after setting u§(x, fo) = uo(x), and w(x, T) = w(x). In particular, any
minimizing sequence (w; (x, 7)) in V; for K§ with initial value wo(x, 7) = ug(x, t)
weakly converges to w(x, 7) for some w € V;. Letting uf(x, 7) := w(x, 7) yields

00 > [Juf(x, )l = K(ug(x, 1)) =f F(Vug(x, to)) dx
Wy () Q

T T 2
:/ [F(V”(T)(x,to))_|_ Iuo(x,to)2 up(x, t)| ]dx
@ T

= K{(ug(x, 10)) = Kg(uj(x, 7))

|uf(x, 7) —u5<x,to>|2]dx
2T

- / [F(W}(x, ) +
Q

> / F(Vui(x,1))dx = K(uj(x,1)) > 0.
Q

Moreover, at some fixed ¢ € [0, T], uj satisfies

T —uf SF(V
Uy —uy _ 3FVw) Wil =V - [Vul |[Vul|*] for ae. x.
- S0 1 11V

Now let m be some fixed positive integer and suppose that for all positive integers
k < m, there exists a solution to minimization problem (7), the inequalities in (8)
hold, and that each such solution satisfies (9). For the case of k = m + 1, minimization
problem (7) is equivalent to the existence of a minimizer in V; for

K, (wx, (m+ D)) = / F'(x,w(x, (m+ 1)
Q

—u,, (x,mt), Vw(x, (m + 1)7)) dx.
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Note that u}, € V¢, hence w(x, (m + 1)t) — u,(x, mt) € L%/T(Q) for any w € V;.
Therefore, arguments similar to those as in the proof of Lemma 3.14 can also be
used to show that this functional is sequentially weakly lower semicontinuous. Now
take any minimizing sequence (w;(x, (m + 1)t)) in V; for K} with initial value
wo(x, (m + 1)) = u],(x, mt). Up to extraction of a subsequence,

0 < [jwi(x. on+ DOl + = (K(wi(x, m+ D))
W, (€2)

< (KL (w;(x, (m + D))/

< (K}, (up, (e, moONY* = (K (uf, (x, mo))

< (KJ_y (up, (e, moDY* < (KL (uh,_y (x, (m — D))/

= (Ku},_ (x,m —Do)n'/* < ..

< (K@i, o)t

< (K g (e, ) = |lug(x, 10)]] =
W, ()

for all nonnegative i. Lemma 3.12 gives that this subsequence is also bounded in
V:. By Lemma 3.12, this subsequence admits another subsequence which weakly
converges to ufnﬂ(x, (m + D7) := w(x, (m + 1)7) for some w € V;. Because K,
is nonnegative and sequentially weakly lower semicontinuous,

0< K, @y, (x, (m+ 1)) <lim inf K, (w;(x, (m+1)7)
1—> 00

< K, (x, m7)) = K (up (x, m1)),

the desired minimizer for K, exists. Furthermore,

00 >||u6(x,t0)||4~. = / F(Vug(x, 19)) dx > / F(Vui(x,1))dx >
W@ Q Q

z/ F(Vu,, {(x,(m —1)7))dx
Q

> / F(Vu;,(x,mt))dx > / F(Vuy,  (x, (m + 1)1))dx > 0,
Q Q

and each u,f, 0 <k < m, at some fixed r € [0, T'], satisfies

Up g — U _SF(Vw)
T Sw

[ug 1] =V - [Vup [ Vug 2] for a.e. x.
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Each uj_ | can be viewed as a solution of the minimization problem (7) over a time
interval of length t. To build an interpolation u” : [0, T] x 2 — R of the u,ﬁ’s, let

Up g (x, (k+1)7) —ug(x, k1)
T

Vg (2, 1) =
and
ut(x,t) = up(x, kr) 4+ (t — k) vg,(x, 1) fort € Jkr, (k + D)7].
Next set
v'(x, 1) = v (x, 1) fort €lkr, (k+ 1)T].
Thus by construction,
ut(x,t) =vi(x, 1)

and

/ luf , (x, (k+ D7) — uf(x, kt)|?
dx
Q 2T

+ / F(Vug,(x, (k4 D)) dx
Q

< / F(Vup (x,kt))dx.
Q
(10

In particular, estimates on u” and " in L2([0, T]) can be obtained via the VT/hl ’4(9)
norm. Then the Arzela-Ascoli Theorem yields the following proposition.

Proposition 3.17 Choose T > 0 and partition [0, T] into time steps of size T > 0.
Then for any fixed t < 1, u® (x, -) € H'([0, T1) for almost every x € . In particular,
{u"Yo<r<T converges uniformly to some H € L2([0, TD.

Proof Note that the monotonically decreasing bounds in (8) give

xf/ F(Vug(x, tg)) dx
Q

i/ U O, e+ D)D) — e kO
—0 Q 2T

- / F(Vuj, (x, (I + 1)) dx
Q

< lug (x, t0)11% (11)
W@
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forO <l < L%J, hence

(k+Dt

T l
2/ it% (x, 1) 2 dt :22/ % (x, )| dt
0 k=0 k

T

I

2

=2 tlviyl
k=0

e T (k4 D) — ut (x, k)
_Z 2t

=0

k
< llufGx. o)ll*s (12)
Wyt @

hence #? € L%([0, T']). To see that u”(x, -) is in L2([0, T']) for almost every fixed
choice of x, observe that for ¢ € [0, 7], (10) implies

| (x, kT) — uf(x, o)
2T

[ [Fouteken + Jax < [ Fevugeemax.
Q Q

When 7t < 1,

f |ul (x, kT)|* dx s/[|u5<x,ro)|2+|u§(x,kr>—u5<x,to)|2]dx
Q Q

T ,kl’ T o 2
5/ |u6(x,ro>|2dx+/ i 0, ko) — o 0l
Q Q 2T

5/ |u5(x,ro)|2dx+/ F(Vu§(x, 1)) dx
Q Q
—/ F(Vui (x, kt)) dx
Q

172 B 1/2
< ([ g oPr 2 ax) ([ a7 ar) " ol
Q Q vT/hlv“(Q)

—-10/3
< g e 0) 1 g, (elloo 2+ (et 1%
h W, (Q)
h

Suppose that

/ o Ce k)P de < [ (e, ) 1 (Rl )2+ / F(Vuj(x, 1)) dx
Q h Q

— / F(Vup(x, kt))dx. (13)
Q
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Then fort < 1,
/ luf gy (x, (k+ D7) dx
Q
s/[|u,§<x,kr)|2+|u,§+1(x,(k+1)r>—uk(x,kr)F]dx
Q

ut o (x,(k+Dt) —up(x, kt 2
S/ Iulz(x,kf)lzdx—i-/ k1 O € )T) — uk( )| i
& Q 2t

< [ i ko) dx
Q
+/ F(Vu,i(x,kt))dx—/ F(Vup(x, (k+1)1))dx
Q Q
< ||u5<x,ro>||3~V1,4(9)(||h||;ol°/3)”2+/ F(Vuj(x. 10)) dx
h Q
—/ F(Vup (x,kt))dx
Q

+/ F(Vu,g(x,kz))dx—/ F(Vul,(x, (k+1)7)) dx
Q Q

10/3

< e, 00 g U2 4 [ F (T, 100

—/ F(Vu,iﬂ(x, (k+1)7))dx
Q

—10/3
< M 0310 g Al )2 - e ol
h W, ()
h

hence, by induction

T T
/ | (x, 1)|? dr 5/ / lu¥(x, )|* dx dt
0 0 Q

g T 2 —10/31/2 T 4
< [ 3l 001 g UlAlls D ol |ar
0 h W@
—10/3
S ([ O (T RER PO T A A CE)
" /(®)

As a consequence, u*(x, ) € H L([0, T7) for almost every x.

Since H'([0, T]) can be mapped to C*!/2([0, T]) injectively, {u"}o<r<7 is
equicontinuous over [0, 7']. Because every u* (x, 0) = ug(x, o) and the bound in (14)
holds uniformly for every 7, a subsequence can be extracted from {u” }o<r<7 which
converges uniformly to some H € L?([0, T1). Let {u™},ycn denote this uniformly
converging subsequence. As a consequence of the inqualities in (8), fQ F(Vu™)dx
is a monotonically decreasing sequence of nonnegative real numbers. In particular, H
must be a minimizer of the functional given by u fQ F(Vu)dx. O
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Proposition 3.18 Ler H € L%([0, T) be as defined in Proposition 3.17. Then for all
t€[0,T], H, 1) e WHQ).

Proof Up to further extraction of subsequences of {u™'}, ¢y, the limiting curve H
can be shown to be in Whl’4(§2). To see that each u® € Lilm(Q), recall that each

ul € W (Q). When 1 € [k, (k + Dt],

/|uf(x,t)|4h1°/3dx sf |uf (x, kt)|*h'0/3
Q Q

+/ luf 1 (x, (k+ D7) — up(x, ko) [*h'73 dx
Q
T 4 T 4
= 2l 6 KOs gy F 1 (6 K+ DD -
15)

Furthermore, (8) implies the weighted partial derivatives of each u" with respect to

the spatial variables are also in L4(Q). Thus each u™' (-, t) € W}:A(Q) for every

fixed choice of r. By the Rellich-Kondrachov Theorem, W14(Q) ¢ L*(Q) with

compact injection (see Theorem 9.16 in [14]). Recall from the proof of Lemma 3.7 that
. . 1,4 1,4

[l [lw1.4g) s equivalent to || - | |VT/,:’4(Q) on W, " (2). Consequently, W, " (2) C LH(Q)

with compact injection. Since u +— fQ F(Vu) dx yields only nonnegative values on
{u™'},ren, a subsequence of this family of functions can be extracted that converges
to some H € L*(2) N Whl ’4(9) which also minimizes this functional. m]

Proposition 3.19 The weak solution H satisfies the apriori bound

4 4
||H(x’t)||Whl’4(Q) = ”HO(X’tO)HWhl‘“(Q)’ (16)
in W,"*(€).
Proof The estimates follow from eq (8) in the proof of Propositon 3.16. O

We can now prove Theorem 2.1.

Proof Propositions 3.17 and 3.18 give existence and uniqueness of H €
(L%([0, T1; W,f’4(§2)) such that H(x,0) = Hy(x, ty). As a consequence of (9), H
satisfies eq (2). To extend H uniquely to a function in H (L*([0, 2T Wh1 ’4(9)),
apply the same arguments with H (x, T') in the role of the initial condition Hy(x, fo)
and concatenate the resulting function with H. By construction, this extension will
also satisfy the apriori bound given in Proposition 3.19 and satisfy eq (2). Thus given
any k € Z, H can be extended uniquely to [0, kT] x Q without escaping to infinity
and this extension will also satisfy eq (2). Hence the maximum interval of existence
for H is [0, 00). O

Corollary 3.20 The weak solution is Holder continuous, H € C'/?[[0, c0); C'/2(Q)].
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Proof Recall from the proof of Proposition 3.17 that H € C'/2[0, T]. By construction,
the unique extension of H to [0, kT'] for any k € Z given in the proof of Theorem 2.1
will be in C'/2[(h — 1)T, hT] for every 0 < h < k. Thus H € C'/?[0, cc). Lastly,
H e W;A(Q) as a consequence of Proposition 3.19, hence H € C'724(Q). O

In the mathematical model developed by Birnir et al., the roughness of the surface is
measured by the variogram, which is a structure function representing the root mean
square of the elevation differences as a function of different distances of separation in
a given direction [7]. Surfaces and interfaces modeled by nonlinear PDEs driven by
noise (2) are often too complex for the functions arising as solutions to even possess
derivatives. Therefore, the statistical structure of these surfaces is studied through their
structure functions. For the computation of the variogram, see [3] and [9]. Birnir and
his collaborators measure the roughness of the surface and obtain scaling results in
the direction transverse to the ridge. In particular, the variogram of H is computed
using one-dimensional slices (perpendicular to the downslope direction of the water
surface). More precisely,

Corollary 3.21 Let y denote the direction perpendicular to that of the upslope direc-
tion of the water surface and Q25 a one-dimensional slice of 2 in this direction.
The weak solution restricted to Q;, H|Q)<_, is Holder continuous. In particular,

Hq; € C'/?[[0, 00); C¥/*(925)1.

Proof Since the gradient of the water surface is perpendicular to the upslope direction,
Q5 is in the same direction. Thus the sediment flow is in this direction. In fact, water
surface gradients drive both water and sediment flow and the corresponding PDEs are
one-dimensional in the direction of the water surface gradient [ 10]. Hence the equations
for the water surface when restricted to 25 are well-posed and H|g, € C =1/ 4(52;).

O

Numerical simulations [3] and [9] indicate that Corollary 3.21 is sharp, see also

[7].
3.3 Uniqueness of weak solutions
Now consider the PDE in Birnir and Rowlett’s work which describes the sediment

flow (2). In Theorem 1 of [8], they demonstrate that weak solutions of (2) are unique.
For H € Whl ’4(9) and ¢ € C2°(R2), the Cauchy-Schwartz Inequality yields

OH
/—qbdx:/ V- [VH|VH*h'"3) ¢ dx
o Ot Q
= —/[VH|VH|2h1°/3] - Vo dx
Q
5/ ‘[VH|VH|2h5/3h5/3] : qu‘dx
Q

< (fg ‘ |VH|2h5/3‘2dx)1/2(/Q|h5/3VH-V¢|2dx)l/2
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Fig.3 A water surface with diffusion down the gradient of the free water surface H, from [9]

1/2
< Iy [ 1057V H - 90 ax)
Q

h

< 00,

thereby verifying that H is a weak solution of (2). For any ¢ € C3°[0, 00) x C§°(2),
compactly supported, integration by parts yields

o0 a o0
/ /H—¢¢>dx dt:/ /[VH|VH|2h‘°/3]-V¢>dx dt,
o Jo 0Of 0o Jo

and it is straightforward to show using the above estimates that both sides are finite.
Thus, H is the unique function in W; ’4(9) which minimizes fQ F(Vu) hdx.

4 Diffusion of the water and the land surfaces

In landscape evolution, with the right environmental conditions, gentle slope, saturated
soil, the water and sediment can diffuse down the water surface H or the soil can diffuse
down the land surface z. The latter diffusion is also called creep. These two types of
diffusions are different and they give rise to different looking surfaces, compare Fig
3 and 4. The model eq (2) can be adapted to include the diffusion by adding in a
diffusion term for the water and land surfaces. For the diffusing water surface the
equation becomes
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Fig.4 A water surface with diffusion down the gradient of the land surface z, from [9]

OH
- = V.- [VH|VH|?h'93] + BAH, (17)

where S is the diffusion coefficient, see Fig 3. The height of the landsurface is described
by

z2(x,y,t) ;= H(x,y,t) — h(x, ).

Thus the sediment flow with diffusing land surface is modeled by

oH

o= V- [VHIVH[*h'°] + BAz, (18)
where § again denotes the diffusion coefficient. The presence of diffusion, in either
case, leads to the existence of strong solutions to respectively the eq (17) and (18),
for ¢t > 0. The construction of such solutions is achieved by convolution with the heat
kernel. To encode the boundary conditions (1), take the Green’s function given by

G( VD 5 i . (ITHX) . (nnx’) 2rim (1) —2ﬂﬂ2<%+%)t
x, v, x,y, 1) = sin ( —— ) sin e e .
y y n_l W W

2m=—00

To study regularity of solutions in the presence of diffusion terms, we begin by con-
sidering the following integral representation for the water surface.
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Lemma4.1 Let h(x, y) be a given function which satisfies the conditions described
in (3). Given Hy € W,"*(Q), suppose there exists H € L*([0, 00); W,"*()) which
satisfies the boundary conditions and such that

H = Hya.e on(, t=0;
oH 10/3 2
(qu +hIOB\YHOPVHG) - v¢) dx — B | AH®)¢dx =0, te(0,T);
Q Q
forall ¢ € C3°(R\ h=1(0)). In particular, assume that H is a weak solution of

OH
5 =V [VHIVH*h'°]1 + BAH.

Then

t

H(x,t):G(t)*Ho—i—/ G(s)*« V- ([VH|>’VH h'%3) ds,
0

is smooth in x and t (in C*°((0, 00); C*°(2))), fort > 0.

Proof To describe mixed spatial derivatives, let o € Ng denote a multi-index, o =
(k, j), 0% = ok 9% k+j =mnandx; = x, xo = y.Foreveryn € Z7, the Divergence

x19x1°
Theorem implies

t
9%H = 0%G % Hy —f ¢VG(s) « (VHI’VH ') ds e 00, 00); CO()),
0

hence

30%H = 8,09G » Hy — 0°VG(s) * (VHI>VHR'Y3) (x,1) e €0, 00); CO()),
for t > 0. A straightforward induction argument now gives that for ¢ > 0,

KX H = 0F0%G « Hy — 0k 199V G (s) « (VHIPVH K3y ds e (0, 00); ).
O

4.1 Existence and uniqueness of weak solutions in the presence of diffusion terms

An additional condition is needed on the water level & to obtain existence of weak
solutions when diffusion terms are added to model eq (2). More precisely,
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Proposition4.2 Let h(x,y) be a given function which satisfies the conditions
described in (3). Then there exists a unique weak solution of model eq (17). In addi-

tion, suppose that Vh € L*(Q). Then, for any Hy € Whl’4(52), there exists a unique
H e L%([0, 00); W;’4(§2)) which satisfies the boundary conditions and such that

H = Hya.e on(, t=0;

/ (8—H¢+h10/3|VH(z)|ZVH(z).v¢) dx — ﬂ/ AH(t) —h)¢pdx =0, € (0, T);
Q\ ot Q

forall ¢ € C°(Q2\ h=1(0)). In particular, there exists a unique weak solution of
model eq (18) and this solution is given by H.

Proof The first statement follows by the following modification of the functional K
in Sect 3.2

K® = K+/|Vu|2dx.

This functional is sequentially weakly lower semicontinuous by the arguments in Sect
3.2.

The same suite of arguments used in Sect 3.2 to prove Theorem 2.1 can be applied
if

K* +,3fN(x,u,V(u—h))dx

can be shown to be sequentially weakly lower semicontinuous. Observe that (p, g) —
F™(x, p,q) + alg — Vh|?* can be viewed as convex for all p € R and almost every
x € Q. Recall that bounds on F q’ in L*3(Q) and F ; in L2($2) were achieved in the
proof of Lemma 3.14. Since

0 < N(x,p,q — Vh) <2|g|* +2|Vh|%,

it suffices to to obtain a bound on Ny (x,v, Vv — Vh) in L?(2). Because of the
additional assumption that Vi € L2(2), there exist Cs, Cg > 0 such that
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/ INg(x, v, V(v —h)|*dx < C5/(1+|Vv|2+|Vh|2)dx
Q Q
< Co( [+ 1vmP ax
Q
12 12
+ /|W|4h‘°/3dx /h*‘o/%zx
(/] ), )

2 2 —10/3\1/2
< Col [+ 1VAR) dx + 101y (1R )

< 00,

as desired. Since repeated application of the Cauchy-Schwartz Inequality yields

f ACH(t) — h)¢ dx = —/ V(H(t) —h) - Védx
Q Q

5/ ‘VH-V(X)‘dx-l-/ ‘Vh-V(j)‘dx
Q Q

- (/ ‘VH|4h10/3dx)1/4
Q
(/Q‘VH|4h10/3dx>1/4(/Qh_10/3dx>1/4(/9’v¢‘4dx>l/4
s in 2 \1p
oo ) (ol o)
< |IHI|€~vh"4<9>(||h||g°m/3)l/4(/Q |V¢.4 dx)1/4

2 172
+ ||Vh||Lz<m(/Q Vo] dx)

< o0

for H € W;A(Q), Vh € L*(Q), and ¢ € CX (), arguments used for the case of
model eq (2) in Sect 3.2 can be extended to show that H weakly solves model eq (18).
Uniqueness of weak solutions for model eq (2) follows from a slight modification of
the proof of Theorem 3 in [8], see below. O

Theorem 4.3 (Birnir and Rowlett [8]) Assume that H and F are two weak solutions
of (17) or (18). Then H and F are equal as elements ofCl([O, 00); L%(Q)).

Proof We differentiate the L norm of H — F with respect to time and get, for either
eq (17) or (18), that

%HH—FH%=/;2(V-[(VHlVH|2—VF|VF|2)h10/3+/3V(H—F)](H—F))dx
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because the term — B Ah washes out in the eq (18). An application of the Divergence
Theorem gives that

LAy

dt

B
2
B
2

= —2/ <[|VH\4 +|VFI* —(VH,VF)(VH> + [VF))Ih'%% + 2|V (H — F)F) dx
Q

< —2/ (nvm“ +|VF[* = [VH||VF|(\VH|? + |VFI)h'% + Z|V(H - F)|2> dx,
Q

by the point-wise Schwarz inequality applied to (VH, VF). The application of the
Divergence Theorem is easily justified by approximating H and F by smooth func-
tions. Now it is easy to show that, for all real numbers a and b,

a* +b* —ab(@® +b*) = 0,
o)
d |H—F||3<0
dt 2=
since B > 0. Now H and F have the same initial data, so

|H — F|5(t) =0, forallz > 0.

4.2 Regularity results for the land surface

Building on the regularity results for the water surface, we now show that the land
surface is smooth with diffusion in z,

Lemma4.4 Let h(x, y) be a given function which satisfies the conditions described
in (3). In addition, suppose that Vh € L%(Q). Given Hy € W}:A(Q), let H €

L2([0, 00); W,*(R2)) be the unique weak solution of model eq (18) which satisfies the
boundary conditions and such that

H=Hya. e onQ, t =0.

Then the land surface z is smooth in x and t (in C*°((0, 00); C*°(R))), fort > 0.

Proof If H is a weak solution of model eq (18), then the integral representation of H
is given by

t

t
H=G()* Hy — / VG(s)* ((VHI?’VHR'3) ds — ,3/ G x Ahds
0 0
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Since G satisfies the heat equation,

t t t
ﬂ/ G*Ahds:ﬁ/ AG*hds:/&tG*hds.
0 0 0
Furthermore,
t t
/B,G*hdtzf8;Gdt>x<h=G(t)*h—G(O)*h:G(t)*h—h,
0 0

where the first equality follows because # does not depend on ¢ and last equality from
the fact that G(0) = §(0), where § denotes the Dirac distribution. Thus

t

H =G(1)x Hy —f VG(@t)* (VHI?’VHR'?)ds — G(t) «h + h,
0

t
=G(@t)* (Hy —h) — / VG(t)* (VHI>’VHR') ds + h,
0

or
t
z=H—h=G(@t)*z0 — / VG(t) * (|VH|I*VHR'3) ds.
0
By the same arguments as in the proof of Lemma 4.1, 8{‘8)‘& € CO((O, 0); CO(Q))
for every k € Ny and mult-index « € N?, n € Z™, for t > 0. O

5 Conclusion

Mathematical models of erosion should be judged by how well they capture observable
phenomena of eroding surfaces and their drainage basins. In particular, one wants these
models to capture: 1. the emergence of channels on smooth surfaces and the formation
of drainage pattern on these surfaces, 2. the development of long-lived surfaces forming
a pattern of mountain ridges and valleys, 3. the gradual decline of the mountains and
dissipation of the above forms, 4. the scaling of the long-lived landforms giving rise
to Hack’s law [3], and 5. the variation of these landforms depending on different
environmental conditions. Three types of different models have historically been used
to capture these properties, beginning with the work of Horton [5]. These are: (i)
Deterministic models based on conservation principles. (ii) Stochastic models based
on conservation principles. (iii) Deterministic models based on variational principles
and obtained by minimizing or maximizing an aggregate quantity. The evidence based
on the work so far and published in the papers [3, 7-9], is that these three approaches
are in fact all related and together give a more complete picture of the erosion process.

In this paper, we showed that a deterministic, transport-limited model (2), see [1, 9],
that satisfies the above requirements, has unique weak solutions when solved with the
background of an equilibrium water depth /. Since & has shocks frozen in the flow, A
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can only be assumed to be a measureable function, that is neither VMO nor of bounded
mean oscillations (BMO). This implies that the water surface H is not smooth. We
get Holder continuous functions, with a lower bound on the scaling. This lower bound
is sharp by the numerical evidence [9] for Hack’s law, which gives an upper bound.
Once this result is obtained, it is easy to extend it to models with diffusion either in
the water surface H or in the land surface z. Interestingly, any amount of diffusion
makes these surfaces smooth, see Sect 4.

The numerical method used to simulate the land surfaces, see [9], is still too slow.
But hopefully, faster methods can be found using optimal transport. This will be
pursued in a future publication.
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