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Abstract A congruence € on asemigroup S is perfect if for any congruence classes x&
and ye their product as subsets of S coincides (as a set) with the congruence class (xy)e.
Perfect congruences on the bicyclic semigroup were found in Fortunatov (Algebra
and Number Theory, Nalchik, vol 4, pp 93-98, 1979). Using the structure of bisim-
ple w-semigroups determined in Reilly (Proc Glasg Math Assoc 7:160-167, 1966)
and the description of congruences on these semigroups found in Munn and Reilly
(Proc Glasg Math Assoc 7:184-192, 1966) and Ault (Semigroup Forum 10:351-366,
1975), we obtain a complete characterization of perfect congruences on all bisimple
w-semigroups, substantially generalizing the above mentioned result of Fortunatov
(Algebra and Number Theory, Nalchik, vol 4, pp 93-98, 1979).

Keywords Bisimple w-semigroups - Idempotent-separating congruences -
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1 Introduction

Let S be a semigroup. Recall that for all A, B C S, the set product of A and B is
defined by the formula AB = {ab : a € A,b € B} (see [2, Sect. 1.1]). Let ¢ be a
congruence on S. The e-class containing an element x of S will be denoted by xe,
soxe = {x’ € S: (x,x") € ¢}. Since the inclusion (x&)(ye) € (xy)e holds for all
x,y € §, it is immediate (and well known) that one can unambiguously define an
operation * on the set S/¢ of all e-classes by the formula (x¢) * (ye) = (xy)e, and
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with respect to this operation S/¢ becomes a semigroup called the factor semigroup
of § modulo ¢. It must be emphasized that, in general, the set product (x¢&)(ye) may
be properly contained in (xy)e for some x, y € S. A congruence ¢ on S is perfect if
(xe)(ye) = (xy)e, that is, if (xe)(ye) = (xe) * (ye) forall x, y € §, and § is said
to be a perfect semigroup if all congruences on S are perfect. In this paper, we will
make a clear distinction between (x¢) * (ye), the result of the operation of the factor
semigroup S/¢ applied to e-classes xe and ye, and the set product (xe)(ye) of subsets
x¢e and ye of S.

The concept of a ‘perfect congruence’ was originally introduced by Wagner [13]
for partial groupoids. Perfect congruences on semigroups and on some other algebraic
structures have been studied by a number of authors. Clearly, groups are perfect semi-
groups, so ‘perfectness’ can be viewed as a ‘group-like’ property of a semigroup. Since
inverse semigroups represent one of the most important generalizations of groups, it
is natural to consider the problem of characterizing perfect congruences on inverse
semigroups and identifying those inverse semigroups which are perfect. For instance,
the structure of perfect Clifford semigroups was described by Fortunatov [4] and that
of perfect finite inverse semigroups by Hamilton and Tamura [7]. Both of these results
were generalized by Goberstein [6] who determined the structure of perfect completely
semisimple inverse semigroups.

The bicyclic semigroup B(a, b) is a semigroup with identity 1 generated by the two-
element set {a, b} and given by one defining relation ab = 1 (see [2, Sect. 1.12]). Itis
well known that B(a, b) is a bisimple inverse semigroup with no nontrivial subgroups,
each of its elements has a unique representation in the form »™a" where m and n are
nonnegative integers (and a® = b¥ = 1), the semilattice of idempotents of B(a, b)
is a chain: 1 > ba > b%a®> > ---, and if & is an arbitrary congruence on B(a, b),
then either ¢ is the equality relation on B(a, b) or B(a, b)/¢ is a cyclic group (see [2,
Lemma 1.31, Corollary 1.32, and Theorem 2.53 and its proof]). It follows from [2,
Theorem 2.54] that an inverse semigroup is completely semisimple if and only if it
has no subsemigroup isomorphic to the bicyclic semigroup. Thus, in view of [6], it
is appropriate to ask: Which congruences on the bicyclic semigroup are perfect? The
answer to this question is known—as shown in [5], the only congruence on the bicyclic
semigroup which is not perfect is the minimum group congruence. The next natural
step is to consider the problem of characterizing perfect congruences on arbitrary
bisimple inverse semigroups whose idempotents form a descending chain isomorphic
to the chain of idempotents of the bicyclic semigroup. Such semigroups are called
bisimple w-semigroups, and the purpose of this article is to identify and describe
perfect congruences on bisimple w-semigroups.

In Sect. 2 we discuss the connection between divisibility relations and perfect con-
gruences on semigroups and gather basic information about bisimple w-semigroups
and their congruences. Our new results are contained in Sects. 3 and 4. Let S be a
bisimple w-semigroup. We prove that each idempotent-separating congruence on S
is perfect (Theorem 3.2) and determine which group congruences on S are perfect
(Proposition 4.2 and Theorem 4.4). Since every congruence on S is either a group
congruence or an idempotent-separating one [10, Theorem 1.3], our results provide a
complete characterization of perfect congruences on bisimple w-semigroups.
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Perfect congruences on bisimple w-semigroups 119

We use [2] and [9] as standard references for the algebraic theory of semigroups
and refer to [11] for an extensive treatment of the theory of inverse semigroups.

2 Preliminaries

We begin by recalling a few common notational conventions which will be used
throughout the paper. Let p be an arbitrary binary relation on some set U. If X is a
subset of U, then Xp = {u € U : (3x € X) (x,u) € p}, and if X = {x}, we will
write xp instead of {x}p. As usual, p~! = {(v,u) € U x U : (u, v) € p}. Therefore
for any subset Y of U, wehave Yo' = {u e U : 3y € Y) (u, y) € p};in particular,
if ¢ : U — U is an arbitrary mapping, then Yo' = {u € U : ug € Y}. The identity
mapping on U will be denoted by 1y (we will not distinguish 1y from the equality
relation {(u, u) : u € U} on U).

Let S be a semigroup. Recall that if x = yz for some x, y, z € S, it is common to
say that y is a left and z a right divisor of x while x is a right multiple of y and a left
multiple of z. Let

8 ={(a,b)e SxS:beSa}and s, ={(a,b) € Sx S:be€aSl},

so (a,b) € §; if and only if b is a left multiple of a, and (a, b) € §, if and only
if b is a right multiple of a. We refer to §; and §, as the left and right divisibility
relations on S. In the notation of the preceding paragraph, a§; = Sa and aé, = aS
forall a € S. It is clear that if ¢ is a homomorphism of S to a semigroup 7" and if
(a,b) € é; [(a,b) € §:]in S, then (ay, bp) € §; [(ap, bp) € §,]in T. Note also that
if S is regular (or if S contains the identity element), then for all a, b € S, we have
(a,b) € §; if and only if Sb6 C Sa, and (a, b) € §, if and only if bS C aS, so that
8N =Lands Né =R.

As observed in [5], there is a connection between divisibility relations on semi-
groups and perfect congruences of certain types. Let S be a semigroup. Recall that ¢
is a left [right] cancellative congruence or a group congruence on S if S/¢ is a left
[right] cancellative semigroup or a group, respectively (see [2, Proposition 1.7] for a
general description of such terminology).

From the proof of [5, Lemma 9], it can be deduced that if ¢ is an arbitrary perfect
congruence on a semigroup S, then §, o ¢ = € 0§, and §; o € = ¢ o §;. Using this
observation, we can state Lemma 9 and Corollary 10 of [5] as follows:

Result 2.1 /5, Lemma 9] Let € be a left [right] cancellative congruence on a semi-
group S. Then ¢ is perfect if and only if 5, o€ = €06, [§j0e =€ 0]

Result 2.2 [5, Corollary 10] Let € be a group congruence on a semigroup S. Then ¢
is perfect if and only if e 0§, = S X § [§0e =8 x §].

Remark 1 The right divisibility relation on a semigroup S is denoted in [5] by 74
(instead of §,), and Lemma 9 of [5] states that a right cancellative congruence & on
S is perfect if and only if 75 0 ¢ = & o t; while Corollary 10 asserts that a group
congruence ¢ on S is perfect if and only if 7; 0 ¢ = § x S. The discrepancy between
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these statements and those of Results 2.1 and 2.2, respectively, is due to the fact that
in the composition & o 8 of binary relations « and  on S we view « as the first factor
whereas in [5] the first factor is considered to be .

Denote by N the set of all nonnegative integers. For all (m, n), (p,q) € N x N,
define

(m,n)(p,q) =m~+p—r,n+q-—r),

where r = min{n, p}. Then N x N endowed with this multiplication is a semigroup
which we denote by B. Since B is isomorphic to the bicyclic semigroup B(a, b) (see
[2, page 45]), we will identify B with the bicyclic semigroup. It is easily seen that for
(m,n), (i, j) € B, we have ((m, n), (i, j)) € 8, [((m, n), (i, j)) € §] if and only if
m < i [n < j]; this simple observation will be used below without mention.

Let G be a group and « an endomorphism of G. For all (m, g, n), (p,h,q) €
N x G x N, set

(m,g,n)(p,h,q) =(m+p—r,(ga’ " )(ha"™ "), n+q —r), 2.1

where r = min{n, p} and o stands for the identity automorphism 1 of G. As in
[9], we denote the set N x G x N equipped with multiplication defined by (2.1)
by BR(G, o) and call it the Bruck-Reilly extension of G determined by «. One can
readily check that {(n, eg,n) : n € N} is the set of idempotents of BR(G, «) and
©0,e,0) > (1,eg, 1) > -+ > (n,eg,n) > ---, so the idempotents of BR(G, «)
form a semilattice isomorphic to the semilattice of idempotents of the bicyclic semi-
group (here and elsewhere in the paper e denotes the identity element of the group
G). It is easily seen that BR(G, «) is an inverse semigroup with identity (0, eg, 0)
and (m, g,n)’] = (n, gil,m) for all (m, g,n) € BR(G, «). Define a mapping
Y : BR(G,a) — B by the rule: (m, g, n)yy = (m, n) for all (m, g,n) € BR(G, o).
Then v is ahomomorphism of B R(G, o) onto B which we will call the group-forgetful
homomorphism of BR(G, «) onto B (of course, if G = {eg}, then ¥ is injective and
so is an isomorphism of BR(G, «) onto B).

Result 2.3 [12, Theorems 2.2 and 3.5] If G is a group and « an endomorphism of
G, then BR(G, o) is a bisimple w-semigroup. Conversely, if S is any bisimple w-
semigroup and G is its group of units, there is an endomorphism o of G such that S
is isomorphic to BR(G, a).

Let S be an inverse semigroup. Denote by Eg the semilattice of idempotents of S.
Clearly, if € is a group congruence on S, all idempotents of S are contained in a single
e-class. Let og = {(x,y) € S x §: (e € Eg) ex = ey}. By [9, Theorem V.3.1],
os is the minimum group congruence on S (that is, os C ¢ for any group congruence
¢ on §). Recall that a congruence ¢ on S is idempotent-separating if (e, f) € ¢
implies e = f for all e, f € Eg. Of course, if S is not a group, no group congruence
on S can be idempotent-separating. By [9, Theorem V.3.2], there exists a maximum
idempotent-separating congruence on S — it is the largest congruence on S contained
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Perfect congruences on bisimple w-semigroups 121

in the Green’s relation H. According to [10, Lemma 1.2], if § = BR(G, «), then H
is a congruence on S and S/H = B.

Let G be a group, o an endomorphism of G, and H a subgroup of G. Recall that
H is said to be a-admissible if He € H (see, for instance, [8, Sect. 2.4]). As in [1],
we will also say that H is a-invariant if Ha~' = H clearly, an a-invariant subgroup
H of G is a-admissible since He~! = H implies He = (Ha Yo C H. For each
congruence € on BR(G, o), define

Ne={a e G:(0,a,0),(0,eg,0)) € ¢}, (2.2)

and observe that, according to [10, Lemma 2.1], N, is an @-admissible normal subgroup
of G.

Result 2.4 [10, Theorem 1.3] Let G be a group and o an endomorphism of G.
Then every congruence on BR(G, &) is either a group congruence or an idempotent-
separating one.

In view of Result 2.4, the problem of characterizing perfect congruences on bisimple
w-semigroups can be solved by considering it separately for idempotent-separating
congruences and for group congruences on such semigroups. This will be done in the
next two sections.

3 Idempotent-separating congruences on bisimple w-semigroups are perfect

Let G be a group and « an endomorphism of G. There is a close connection between
a-admissible normal subgroups of G and idempotent-separating congruences on
BR(G, ).

Result 3.1 [10, Lemma 2.3] Let G be a group, « € End(G), and S = BR(G, «).

(i) Let € be an idempotent-separating congruence on S. Then
((m,g.n), (p.h,q)) ec == m=p, n=q and gh™' € N.

(i1) For any a-admissible normal subgroup N of G there exists an idempotent-
separating congruence € on S such that N = N.,.

According to statement (i) of Result 3.1, if & is an idempotent-separating
congruence on BR(G, «) and if x = (m, g, n) € BR(G, o), then xe = {(m, ag,n) :
a € Ng}. Moreover, using statement (i) of Result 3.1, one can make statement (ii) a bit
more precise. Namely, for any «-admissible normal subgroup N of G there is a unique
idempotent-separating congruence &, on § such that N = N, _; this congruence &, is
defined as follows:

((m,g,n),(p,h,q)) €s, &< m=p, n=gq and gh_l e N.

Thus if & is an idempotent-separating congruence on BR(G, «), then ¢, = ¢, and if
N is an a-admissible normal subgroup of G, then N, = N.
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122 S. M. Goberstein et al.

Theorem 3.2 Let G be a group and o an endomorphism of G. Every idempotent-
separating congruence on BR(G, «) is perfect.

Proof Let S = BR(G, o), and let ¢ be any idempotent-separating congruence on
S. Denote, for short, N = N;. Take arbitrary x,y € S. Thus x = (m, g, n) and
y = (p,h,q) for some m,n, p,qg € Nand g,h € G. As noted in the paragraph
following Result 3.1, xe = {(m,ag,n) : a € N} and ye = {(p,bh,q) : b € N}. By
definition of multiplication in S,

xy = (m+p—r (gal")(ha""),n+q —r), (3.1
(xe)(ye) = {(m +p—r(ag)a?™" - (bh)"",n+q—r):a,be N} (3.2)

and also
(xy)e ={(m+p—r,cga” ") (ha" "), n+q—r):ceN}, (3.3)

where » = min{n, p}. Our goal is to prove that (xy)e € (x&)(ye). From (3.2) and
(3.3) it follows that (xy)e C (x¢)(ye) if and only if for all ¢ € N there exista, b € N
such that

c(ga? ™) (ha"™") = (ag)a?™" - (bh)a" ", (3.4)
and since « is an endomorphism of G, (3.4) is equivalent to
c(gal™") = (aal™")(ga? ") (ba" ™). (3.5)

Take an arbitrary ¢ € N. Let us show that there exist a, b € N such that (3.5) holds.

Casel: p <n.

In this case, r = p and so «”?~" = . Recall that «” is the identity automorphism
1 of G. Therefore (3.5) becomes cg = ag(ba"~"), which holds if we take a = ¢
and b = eg.

Case2:n < p.

Here r = n and hence o' "

= ¥ = 1. Therefore (3.5) becomes

c(ga?™") = (aa?™")(ga?™")b, (3.6)
where p —r > 0. Note that (ga?~")"lc(gaP") € N since N is a normal subgroup
of G. It follows that (3.6) holds if we choose b = (gar? ") 'c(ga?™") and a = eg.

We have shown that (xy)e C (xe)(ye) for all x, y € S. Thus ¢ is a perfect congru-
ence on S. The proof is complete. O

4 Perfect group congruences on bisimple w-semigroups

Since a homomorphic image of B is either isomorphic to B or is a cyclic group (see
[2, Corollary 1.32]), all congruences on B different from 1p are group congruences,
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and they can be readily described as follows. Let k € N. For (m, n), (p,q) € B,
define ((m,n), (p,q)) € ¢ if and only if n —m = g — p, and for k > 1, set
((m,n), (p,q)) € ¢ ifand only if n —m = g — p (mod k). Then ¢y = op and B/{y
is an infinite cyclic group, and if k > 1, then B/ is a finite cyclic group of order k.
Thus {¢x : k € N} is the set of all congruences on B different from 15. By [5, Theorem
11], ¢ is a perfect congruence for each k > 1, but ¢y is not perfect.

Let S be an inverse semigroup. An inverse subsemigroup U of S is called normal
if Eg C U and if x~WWx CUforallx € § (cf. [11, Definition III.1.3]). If for all
u,x € S,fromu, ux € U itfollows that x € U, itis common to say that U is a unitary
inverse subsemigroup of S.

Let S be an inverse semigroup and U a normal unitary inverse subsemigroup of
S. As noted in [1], it follows from [3, Sect. 7.4] (see also [11, Theorem III.1.8]) that
by setting (x, y) € ey if and only if xy~! € U for x,y € S, we obtain a group
congruence ey on S such that U is the identity element of S/ey, and conversely, if &
is a group congruence on S and U is the identity element of S/¢, then U is a normal
unitary inverse subsemigroup of S, and hence ¢ = ¢y.

In what follows we will use a description of group congruences on bisimple w-
semigroups obtained in [1]; for convenience of reference, we reproduce it here (in a
slightly modified form).

Result 4.1 (from [1, Theorem 1 and its proof]) Let G be a group, o an endomorphism
of G, and S = BR(G, «). Suppose that an a-invariant normal subgroup N of G, an
element z of G, and a nonnegative integer k are such that the following conditions
hold:

N(za) = Nz, 4.1
and

(Vg e G)g ' (N2)(ga") = Nz. (4.2)

Define U(N, z, k) C S as follows: if k > 1, then

U(N,z,k)= (m,g,n)eS:mzn(modk)andgeNzlwherel:% , 4.3)

and if k = 0, then
U(N,z,0)={(m,g,m)eS:geN}. 4.4

Then U (N, z, k) is anormal unitary inverse subsemigroup of S, and therefore ey ( 7 k)
is a group congruence on S.

Conversely, let € be a group congruence on S. Then the a-admissible normal sub-
group N of G given by formula (2.2) is a-invariant. Let U, be the identity element
of S/e. Consider M = {m € N : (0, g, m) € U for some g € G}, and define k; € N
as follows: if M = {0}, then k, = 0, and if M # {0}, set ke, = min(M \ {0}). Finally,
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fix some z. € G such that (0, z¢, ks) € U,. Then for N = Ng, z = 2z, and k = kg,
formulas (4.1) and (4.2) hold, and U, coincides with U (N, z, k) defined by (4.3) and
(4.4), so that ¢ = EU(N,z,k)-

Let G be a group, o € End(G), and S = BR(G, ), and let N, z, k be as in Result
4.1. To slightly shorten the notation, we will write ey ; x) instead of ey (v ;. k). By
Result 4.1, if ¢ is a group congruence on S, there exist unique N and k such that
& = &(N,z,k) for some z € G; although z here, in general, is not unique, it is easy to
check that if we also have ¢ = gy ./ i) for some 7' € G,then 7' € Nz, thatis, the coset
Nz is determined by ¢ uniquely (this fact is also an immediate corollary of [1, Theorem
2]). Thus the formula € = g(y k) establishes a one-to-one correspondence between
the set of group congruences ¢ on S and the set of ordered triples (N, Nz, k) where
N is an a-invariant subgroup of G, z € G, and k € N such that (4.1) and (4.2) hold.
It is easily seen (and also follows from [1, Lemma on page 355]) that N(ZHa" = NZ!
foralll > 1 and n > 0. The notation and observations of this paragraph will be used
without any additional explanation through the rest of this section.

Itis not difficult to deduce from Result4.1 (see [1, Corollary]) that for all (m, g, n) €
S, the g(y,; k)-class of (m, g, n) can be described as follows: if k > 1, then

(m, g, n)eN 2.1 = {(p, h,q)eS:@3leZ) [q—p:n—m—i—kl and ha" eNzZ(gaq)]} , 4.5
and if £k = 0, then
(m, g, mew z0={(p,h,q) €S:q—p=n—mand ha" eN(ga®)}. (4.6)

Proposition 4.2 No congruence e ; 0y on S is perfect. In particular, the minimum
group congruence os on S is not perfect.

Proof Lete = g ;,0)- Suppose that ¢ is perfect. Then, by Result 2.2, 06, = S x S.
It follows, in particular, that ((1, eg, 0), (0, eg, 0)) € € 0§,. Thus there is (p, h, q) €
S such that ((1, eg, 0), (p, h,q)) € € and ((p, I, q), (0, eg,0)) € §-. In view of
(4.6), p = g + 1 > 1. Using the group-forgetful homomorphism of S onto B, from
(p, h,q), 0, eg,0)) € § we deduce that ((p,q), (0,0)) € §, in B. Then p < 0
whence p = 0 # 1. This contradiction shows that ¢ is not perfect. By [1, Theorem
4], 05 = &(Ny,eq,00 Where Ng = {g € G : ga" = e for some n > 1}. Thus o is not
perfect. O

In view of Proposition 4.2, perfect group congruences on S can be found only
among congruences &(y ; k) such that k > 1.

Lemma 4.3 Let ¢ = gy k) with k > 1. Suppose that ¢ is perfect. Then for any
@i, f, j) € S there exist m,n € Nand g, h € G such that (0, h,n) € (i, f, j)e and
(m,g,0) €, f, je.

Proof Let (i, f, j) € S. Since ¢ is perfect, by Result 2.2, £ 0 6, = § x S. Hence there
is (m, h,n) € S such that (7, f, j), (m, h,n)) € ¢ and ((m, h, n), (0, eg,0)) € 6.
In view of the group-forgetful homomorphism of S onto B, the latter implies that
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((m,n), (0,0)) € §, in B, so m < 0 whence m = 0. We have shown that (0, &, n)
€ (i, f, j)e forsome h € G and n € N.

Now consider (j, f~!,i) € S. By the argument of the preceding paragraph,
there exist ”’ € G and m € N such that ((0,h’,m), (j, f~,i)) € & whence
O, 1, m)~", (G, f~1 i)"Y € e, that is, ((m, (W)™, 0), (i, f, j)) € e. Denoting
(h)~! by g, we obtain (m, g,0) € (i, f, j)e. O

Theorem 4.4 Let ¢ = ey ; k) with k > 1. Then ¢ is perfect if and only if
Vn>1D(VxeG) Ga"NNx #0. 4.7

Proof Assume that ¢ is perfect. Take any x € G and n > 1. Then (0,x,n) € S
and, by Lemma 4.3, there exists (m, g,0) € S such that ((m, g, 0), (0, x,n)) € ¢.
According to (4.5), there is [ € Z such thatn +m = kl and x = xa® € NZl(ga™).
Since kI = m +n > 1, we conclude that I > 1. Recall that N7/ = N(zl)a”.
Therefore x € N((z)a™)(ga”) = N(z'g)a™. It follows that (z/g)a” € Nx. Thus
Ga"N Nx #@.

Conversely, suppose that (4.7) holds. Let us show that e 0§, = § x S. Take arbitrary
(m, g,n), (i, f, j) € S.Then ((m, g, n), (i, f, j)) € €04, ifthere exists (p, h,q) € S
such that (p, h, q) € (m, g,n)e and ((p, h, q), (i, f, j)) € ;. Using the congruence
gk on the bicyclic semigroup B introduced in the first paragraph of this section, we
can write (4.5) as follows:

(P h,q) €(m, g, n)e <= ((m,n),(p,q)) € ¢ and ha" € Nz (ga?)
for] = =P =m) .8)
k
Recall that ¢y is a perfect congruence on B. Hence ¢ o 8f = B x B (we denote by SrB
the right divisibility relation on B to distinguish it from the right divisibility relation
8 on S). It follows that there exists (p, g) € B such that ((m, n),(p,q)) € ¢ and
p,q), 1, ) e 8,3. Since (4.7) holds, it is guaranteed that there is 7 € G such that
ha™ € Nz' (ga?) where [ =[(g — p) — (n —m)]/ k. Thus we have found (p, h, q) € S
such that (4.8) is satisfied.

Since ((p, q), (i, j)) € B,B, there is (s,7) € B such that (i, j) = (p, q)(s,1),
and it can be assumed here that ¢ < s, so that min{q, s} = ¢; indeed, if (i, j)
= (p,q)(s,t) where ¢ > s, then we also have (i, j) = (p,q)(q,q +1t — s).
Let x = (ha*~9)~' f whence f = (ha*9)x. Since (i, j) = (p,q)(s,t) and f
= (ho'~min{g.s}y (x4 —min{g:5}) it follows that (i, f, j) = (p, h, q)(s, x, t) and there-
fore ((p, 1, q). i, f, ) € 5.

We have demonstrated that there exists (p, k, g) € S suchthat ((m, g, n), (p, h, q))
e eand ((p,h,q), (, f,J)) € &, sothat ((m, g,n), (i, f, j)) € € o §,. Therefore
€ o8, = S x § and hence, by Result 2.2, ¢ is a perfect congruence on S. The proof is
complete. O

Corollary 4.5 Let ¢ = g k) Withk > 1. If Ga = {eg} or if Ga = G, then ¢ is
perfect.
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Proof Assume that Ga = {eg}. Since N is a-invariant, G = {eg}a~' € Na~' = N,
so N = G. Hence (4.7) trivially holds, and ¢ is perfect by Theorem 4.4.

Now suppose that Go = G. Then Ga" = G for all n > 1, so (4.7) is obviously
true and again, by Theorem 4.4, ¢ is perfect. O

Corollary 4.5 shows that if « is a surjective endomorphism of G, then gy ; ¢y (with
k > 1) is perfect but the converse, in general, is not true. However, it might be of
interest to note that the converse holds under the additional assumption that Noo = N.

Proposition 4.6 Let ¢ = g ;1) with k > 1. If Ga = G, then ¢ is perfect and
Na = N. Conversely, if ¢ is perfectand No = N, then « is a surjective endomorphism
of G.

Proof Suppose Ga = G. Then ¢ is perfect by Corollary 4.5. Letb € N. Thenax = b
for some a € G. Now a € Na~! = N since N is a-invariant, so that 5 € No. Thus
N C Na, and the converse inclusion holds because N is a-admissible. Therefore
N = Na.

Conversely, assume that ¢ is perfect and No = N.Leth € G. Consider (0, 1, 1) €
S. By Lemma 4.3, there is (m, g,0) € S such that ((m, g, 0), (0, h, 1)) € ¢. Since
O, h, 1) € (m, g,0)e¢, it follows from (4.5) that m + 1 = kl for some / > 1 and
h = ha® € Nzl (ga). Since N = Na, we have h € Nz'(ga) = (Na)(Z'a)(ga), so
that h = (aa)(Z'@)(ga) = (az'g)a for some a € N. Thus « is a surjection of G onto
G. O
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